Chapter 4
Existence of Generators

We have seen that the existence of a finite (or a finite entropy) generator is
helpful in several settings. In the Kolmogorov—Sinai theorem (Theorem [[.27])
a generator allows us to calculate the entropy of a dynamical system using
only the generator. Moreover, in Theorem the Pinsker o-algebra of a
dynamical system is obtained as the tail o-algebra of a generator. In this
chapter we reverse the question and ask whether it is always possible to find
a finite (or finite entropy) generator.

4.1 Countable Generators

The main result of this section is the following theorem of Rokhlin [I73], which
we will strengthen under the additional hypothesis of ergodicity in the next
section. We recall that (X, %, u,T) is aperiodic if p ({x € X | TFz = 2}) =0
for all k € Z~{0}.

Theorem 4.1 (Finite entropy generator). Let (X, %,u,T) be an in-
vertible aperiodic measure-preserving system on a Borel probability space.
If h,(T) < oo, then there exists a countable generator & with finite entropy. In
fact, for every e > 0 there is a countable generator & with H,,(§) < h,(T)+e.

4.1.1 Entropy-free Construction

We introduce in this subsection a method for the construction of generators
by giving a simpler result, whose proof will serve as a template for the proof
of Theorem (]
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110 4 Existence of Generators

Proposition 4.2 (Existence of generators). Let (X, %, u,T) be an aperi-
odic invertible measure-preserving system on a Borel probability space. Then
there exists a countable partition & with BB = £2°.

m

In the proofs of this chapter we will identify partitions with measurable

functions (called codes) whose range or alphabet is countable. In the proof
below we will use some ad hoc language for the code, but in the proof of
Theorem [4.1] we will choose the language more carefully.
PROOF OF PROPOSITION As (X, A, ) is a Borel probability space, there
exists an increasing sequence of finite partitions ({(k)),, with {(k) " £
as k — oo. Let (Ni),>, be any sequence of natural numbers with Ny > &
for all k > 1. As (X, %, u, T) is aperiodic, for any k > 1 there exists by the
Rokhlin—Halmos lemma (Theorem [A-T3) and Exercise [A.6.2] a set Q, which
we will refer to as a marker set, with

M (U T‘"Qk> =1

nez

and with the property that the first return of a point x € Q) to @y is larger
than Ny, (that is, z € Qg implies that Tw, T?xz, ..., Tz ¢ Q4). In particular,
we therefore have

p(Qr) < 37 < 1 (4.1)

We claim that we can find these sets in such a way that in addition we
have

Qi2Q22 .

In fact we may simply apply the Rokhlin—-Halmos lemma to find (). Then
consider the induced transformation

To, : Q1 — Q1,

which is again aperiodic and invertible. Applying the Rokhlin—Halmos lemma
again to T, gives the set Q2 C @1 such that the first return under Ty, (and
hence also under T') is larger than N. Applying this argument inductively

gives the claim.
p <m Qk) =0
k=1

Notice that
by (Il). We will ignore the orbit of this set, which is a null set. We now
define our code by

_ 0 $¢Q1, and
c(x)= (k:, (711(30)7[33]5(1)31@)71), - (nk(ai),[x]g(k)gk(w),l)) TEQQri1,
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where ny : Qr — N is the first return time function of x € Q to Q.
It is clear by construction that ¢ has countable range. We claim that the
associated countable partition is a generator. Suppose therefore that

c(T"z) = c(T"y)

for all n € Z. We need to show that this almost surely implies that x = y.
Let k > 1 be arbitrary. If € Q, then c(x) = c(y) implies that y € Qy,
and that [z]¢k) = [Yler). If © ¢ Qg, then there exists a minimal n > 1 with

T "z e Qk

(and, equivalently, with T~"y € Q). As n is minimal we have ny (T""x) > n.
This implies that

(T"al = [T "]

SO SO

since (T "x) = c¢(T'~"y). In particular, we have [z]¢k) = [y]e(r). As this
holds for all £ > 1 and &(k) /' Z as k — oo, we obtain & = y almost surely,
as required. O

4.1.2 Outline of the Proof of Theorem [4.1]

We use the notation and assumptions from the statement of the theorem.
Let &(k) % be an increasing sequence of finite partitions. Much as in
Section LTIl we wish to construct a generator using the sequence (§(k));,
via a sequence of marker sets (Qy) k1 and a sequence of codes ¢ defined
on the marker sets with values in a countable alphabet. Clearly this time we
need to concern ourselves with the entropy of the constructed partition at
each stage. For the main estimate of the entropy we will use Section [[.2] and
therefore will work with the countable alphabet | J,,{0,1}".

Let £(0) = {X} and o, = &(k)>, for k > 0. Notice that additivity of
dynamical entropy (Proposition ZI9(2)) gives

hu (T, €(k)) = hy(T,&(k) V E(k — 1))
= (T E(k — 1)) + By (T,s<k>|£<k - 1>°_°oo),

for £ > 1, and so

h(T) =" by (T, (k)| Her)

k=1
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by the Kolmogorov—Sinai theorem (Theorem 2:20).
We use this to split our argument into countably many constructions of
codes ¢ = ¢, where at each stage we will work with a fixed finite partition

§=¢(k)
and a fixed T-invariant o-algebra
o = .

Our generator will be easily constructed from the partitions obtained along
the sequence.

4.1.3 Entropy of the First Return Time Partition

In the construction of the codes c; we will need marker sets @ and the
derived partitions pg, whose entropy we now estimate more generally.

Lemma 4.3. Let (X, %, u,T) be an invertible measure-preserving system on
a Borel probability space, and let QQ € B be a set with positive measure. We
define the first return time partition of Q by

po={XQ Q1 =QNT'Q, Q:=QNT2Q\T'Q, ...,
Qm=QNT QT 'QU---UT~ ™ DQ),.. }

Then H,(pg) < oo. Moreover, for every € > 0 there exists some N, such
that H,(pg) < € if the set Q is such that the first return from Q to Q is
always greater than or equal to Ne.

PRrROOF. By construction, the sets

Qla QZa TQZa RN Qma TQma RRN) Tm_lva e

are all disjoint, so
o0

S mp(@Qu) < 1, (42)

m=1

which will give us the entropy estimate. Fix € > 0 and split the sum defining
the entropy of pg as
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H,u(pQ) = _:LL(X\Q) log M(X\Q) - Z U(Q'm) IOg M(Q'rn)

w(Qm)ze—me

- > (Qm)log p(Qm)

w(Qm)<e—me

< _H(X\Q) IOgM(X\Q) +e Z m:u(Qm) +e Z me~ "¢ + C,

m=1 m2=1

where we have used monotonicity of x — — log x in the first sum, monotonic-
ity of x — —xlogz for small values of z in the second sum, and where C'
denotes an absolute constant to bound the finitely many terms for which the
latter monotonicity may fail. Applying this bound with € = 1 gives the first
claim in the lemma.

Suppose now that the first return time to ) is larger than N. In this
case ([Z) implies that 4(Q) < . By continuity of the function  — —zlogx
we deduce that —p(X~Q)log u(X~Q) < e for large enough N. Also notice
that in this case we can set C' = 0 in the entropy estimate above if N is
sufficiently large, giving

H,(pg) <e+e+e Z me” "<,
m>N

As the last sum converges, we deduce that H,(pg) < 3¢ for large enough N.
O

4.1.4 Definition of the Code c = c¢

Let (X, %, i1, T) be an invertible measure-preserving system on a Borel prob-
ability space, let & be a finite partition, and let o = T~ '.%7 be an invariant o-
algebra. We define in this section the code ¢ = c¢ s with values in the alpha-
bet J;>110, 1}*. We wish to control the average length of the code (that is, the
entropy of the associated partition) by the conditional entropy h, (T, ¢ |.5zf ).
For this, let € > 0 be arbitrary and choose M large enough to ensure that

& <e (4.3)
and
ML L1, (&7 ) < h(T, €| ) + e, (4.4)
and then choose N > N. large enough to ensure that
[logy M1 + 3MTlogy [€]T | M _ 5 (4.5)

N N



114 4 Existence of Generators

where N, is chosen as in Lemma, Finally, choose a set Q € £ using the

Ro

khlin—Halmos lemma with

(Yre)

and with the property that the first return time to @ is bigger than N almost
surely.

We define the code c¢(z) = c¢ () for x € @ by the tuple

c(z) = (W]Q, [ @) oo [€0 7 @) | ]
[gi;fjr(jx) |d] Sh? "~ [f(L(:E)MY)]J&ﬂ(l) |’Q4 Sh?

as

[gzgz;Ml-‘r](x) ( )} o)

explained below, but note that we do not claim that c is prefix-free. In the

definition of c(z) we are using the following notation:

e n(x) is the first return time of x € Q) € Q to Q, L(x) = L%J —1;

jlx) € {0,...,M — 1} is chosen as the offset to minimize the partial
ergodic sum

L(z)—1
ﬁ S 1, () (T (), (4.6)
=0

for the transformation T

[7(x)]2 denotes the binary expansion of j(z) with added leading zeros to
ensure that the total length of the expansion is precisely [log, M| (which
makes it prefix-free);

[«fg(z)fl(m)]uo denotes an arbitrary (unoptimized) prefix-free code every-
where of length M [log, |£|], describing the fragment z, Tz, ..., T )~1
of the orbit, say by using a fixed enumeration of ¢ and again using the
binary expansion of the corresponding number padded out with trailing
Z€ros;

[Eef\x_)]”i;_j (@)= Y ()| )sn = (€M~ 1(TZM+7(“’ z)|/]sn denotes the Shan-

non code for the partition element of §0 ~1 containing the point 7¢M+7(*) g
using the conditional measure  in the definition of the Shannon code
(and using some fixed lexicographical order to break potential ties in the
definition of the Shannon code for i in a well-defined manner);
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e and finally, [fzggx/[i () (@)]uo denotes an arbitrary (unoptimized) prefix-
free code of length 2M [log, |£|] describing the remaining fragment of the
orbit of z until the next return to ), again padded out with trailing zeros.

4.1.5 Properties of the Code c¢ .

We start with some observations about the code c¢ o constructed above.

e If &/ = 4 (which it will be at the beginning of the induction), then c
defines a prefix-free code on each set @, € pgo. Here n needs to be fixed
to ensure the prefix-free property.

e In general not even that may be true since n(z) does not determine the

Shannon code used to encode [5?(4;3](95)71 ()| @]sn (which depends on the
measure ;). We will fix this by a rather simple procedure in Lemma 4]
below. For example, we may insert after every digit a 0 except at the very
end we put a 1 to signal the end of the code (which also lifts the above
restriction that x needs to belong to a particular @,,).

e By construction and the properties of the Shannon code (see Lemma[l.TT])
the length of ¢(x) for x € @ is bounded by

L(z)—1
[log, MT+3MTlog, €1+ D gzl (&) (@) + Liw)
£=0
1 N L= 1 - n(x)
<eN+-2 ) ezl (607 ) (@ ey + S
j=0 ¢=0

n(z)—1 )
[ M-—1 n
> <M10g21#(§0 ) (T x)+25>,

where we have used ([@3]), the choice of j(x) to minimize ([@G]), the defi-
nition of L(x) in terms of n(z), the fact that n(z) > N, and [E3).

o Let n¢ s be the partition generated by pg and the partition defined by
the code c¢ o7, where the latter contains XQ and the various level sets
of the code. Then

£ S AV (Ne.ar) - (4.7)
o
The proof of [@7) is very similar to the argument in Section LTIl Let

C =V Nea)
and z,y € X with [z]¢ = [y]e. If z € Q then y € Q, and since the

partition element [z],, = [y],, € pg determines n(z), we obtain
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Also, since [z]; = [y]lws the same measure pZ is used to encode

the orbit fg(x) !

that fg(x)_l(x) = §6L(y)_1(y). As almost every point has infinitely many
returns to () in the past and in the future, this gives [z]ge = [y|eoe
almost surely, and hence the claim.

(x), which, together with c¢ o () = c¢ o (y), implies

4.1.6 Entropy of the Partition Associated to c¢ .

Lemma 4.4. Let n¢ s be the partition generated by pg and the partition
defined by the code c¢ o7 as above. Then H,, (775’&{) < hu(T,f‘;z/) + 10e.

PRrOOF. As mentioned above, the code c¢ v may not be prefix-free. We wish
to modify the code to make it prefix-free. For this, we first add extra trailing Os
(at most M — 1 of them) to the code until the length of the new sequence is
divisible by M. Then we insert after every block of M digits a 0 (to signify
that the code continues) and instead of the 0 after the last block add a 1
(to signify the end of the code). Finally, we add another block of length M
comprising leading Os and trailing 1s, where the leading Os indicate which
digits of the previous block existed in c¢ . and the 1s indicate the added
digits. In this way we obtain a new prefix-free code ¢¢ oz with the property
that the length of ¢¢ v (2) for z € Qy,(,) € @Q is bounded by

n(z)—1
M+1 1 .
M ;::O (m[u(é” 1‘«¢)(T”m)+25>+2M

n(z)—1
M+1 1 3 .
ST 7;) <m1u(§§4 ) (T z)+4s> (4.8)

by @3) and n(z) > N. Switching from c¢ s to C¢ oy does not change the
partition 7¢ s but allows us to use Section [[2]in the argument below.
Let us write ug = ﬁMQ for the normalized restriction to (). Recall

that H,(pg) < € by Lemma I3 and our choice of N > N.. Therefore,

Hyy (0 er) = Hu(pQ) + Hyu(ne,er | @)
<e+ Hu(nf,%‘{Q) X~Q})
=+ Q) H o (Me,or)

< et 1052 | [Eeur(0)]du(o)
Q
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by Lemma[[.T0, where we write [C¢ o (2)| for the length of the code for z € Q.
Let us assume € € (0, 1] and recall that - < e by (@3], which gives

M+1
T<1+5<2‘

Using the upper bound ([8) for |C¢ o (x)| we obtain

Hie) e+ 25820 5[5 (b (6 ]) () + 40)an
QmCQ Y @m n= 0

=ML (&) + 9e
< hy (T,g\;z%) +10e

where we used the consequence

co m—1

Ll L 7"Qm =X

m=1 n=0

of the definition of @, for m > 1, and the choice of M in ({@J]). O

4.1.7 The Inductive Proof of Theorem [4.1]

Using the arguments above countably many times, it is now relatively easy
to construct a countable generator with finite entropy.

PRrROOF OF THEOREM 1] Let (X, 4, u, T') be an invertible measure-preserving
system on a Borel probability space with finite entropy, and let (k) % be
an increasing sequence of finite partitions, so that

= Zhu (Tag(k)’%kfl) ;

k=1

where o) = A and o, = o(§(k)>°) for k> 1

Now apply the construction from Sectionsfor the partition £(k),
the o-algebra 7,1, and the number = for all £ > 1. In this way we obtain
a sequence (77k = Ne(k), vQ{k—l) of countable partitions with

e
H, () < hy ( |dk1+102—k

by Lemma 4] Therefore,

K K
H, (\/ m) <> hy (T, 6(k)| 1) + 10e,
k=1

k=1



118 4 Existence of Generators

and letting K — oo gives

H, <§7 nk> < hu(T)+ 10e

k=1

by monotone convergence. However, this implies that there exists a countable
partition n with

o) =\/

We claim that n>, = Z. Notice that
I

by @) with & = £(1), & = A, and 1¢, v = mi. Similarly, [@7) applied
with § = &(k), & = o1, and 1¢ o = 1, now inductively gives

—00"

0% 2 = E(k)
n

Therefore, 7>, = B. (]

4.2 Existence of a Finite Generator

If (X, 4,1, T) is an invertible measure-preserving system on a Borel proba-
bility space and £ is a finite generator, then

hu(T) = hu(T,§) < Hu(€) < log [¢] (4.9)

by the Kolmogorov—Sinal theorem (Theorem [[L2T]). Also notice that equality
in (L9) implies that each P € & has u(P) = % (by the trivial bound in
Propositions [[T7(1) and [[H) and that the partitions

T, T&ETTE, ., T

are mutually independent. In other words, equality in (£9) implies that the
system (X, %, u, T) is measurably isomorphic to the Bernoulli shift with |¢]
symbols of equal weight. This shows (apart from the ergodicity assumption)
that the following result due to Krieger [110], [I11] is the best possible one
could hope to obtain for general systems.??)

Theorem 4.5 (Krieger’s finite generator theorem). Let (X, %, u,T) be
an ergodic invertible measure-preserving system on a Borel probability space.
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Suppose that h,(T) < logk for some k > 1. Then there exists a generator
for (X, %, u,T) with k atoms.

For the proof we will use both the Shannon-McMillan—Breiman theorem
(Theorem[3]) as well as the existence of a countable generator (Theorem FT]).
In fact, given the countable generator £ from Theorem ] we wish to con-
struct a map ¢ : X — {1,2,...,k}? with the properties

¢(o(z)) = o (d(x)) (4.10)

and
d(x)=9y) = r=y (4.11)

for z,y € X', where X’ € A is a set of full measure and o denotes the left
shift map. The generator with the property claimed in the theorem is then

defined by

n={s"1([0]),...,¢ " ([k — 1))},
where

] = {z €{0,....k = 1}" | 2o = j}

is the cylinder set at time zero. The map ¢ is defined by using a marker
set @ C X and a marker word wg € {1,2,...,k} chosen so that every
appearance of wg in @(x) at location n corresponds to a visit of the orbit
of z to @ at time n (that is, to the statement 7"z € Q). The words in
between two consecutive appearances of wg, at 0 and at N say, will encode
the partition elements of ¢ that x belongs to between the corresponding two
consecutive visits of = to ). To be able to do this we need to analyze the
number of possible trajectories between those times, and this is where the
Shannon—McMillan—Breiman theorem will be useful.
PROOF OF THEOREM [0l Let (X, %, 1, T) and k > 1 be as in Theorem 5]
Applying Theorem [£1] we find a countable generator £ with finite entropy.
Let h = h,(T) = h,(T,§). By the Shannon-McMillan-Breiman theorem
(Theorem B)) we find for every € > 0 some measurable subset X, C X with

measure greater than % and some N, such that

e—(h-‘re)n < ,u'([z]ggfl) < e—(h—e)n
for x € X. and n > N.. In particular, we deduce that if n > N, then

X_ is covered by less than e"*9)" clements of £ ~!. (4.12)

We define wg as the word

100 =10--.0.
N——
M
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Let W/ be the set of words in the alphabet A = {1,2,...,k} with length ¢
that do not contain wg as a subword, where we say that wq is a subword of w
if there exist words wy,ws € U@o A? with the property that w = wiwgws
is the concatenation of wi,wq, and wy in turn. We claim that

W}| > k't = (5 los k)L,
To prove the claim, let £ = aM + b for a > 0 and b € {0,1,..., M — 1}. Let

= Aa(Mfl)er

be an arbitrary word. Then we can construct a word w(v) € Wy of length ¢
from v by inserting the symbol 1 after every (M — 1) letters. In this way we
ensure that w(v) does not contain a contiguous run 0 of 0s of length M,
so w(v) € W/. Since the map v — w(v) is injective by construction, the claim
follows. Below we would like to always use elements of W, after wg, so we
define

Wi = {(wqw) [w € W/—(M+1)}-

As above, this has

(Wi | > k5 (n=M=1) — o(legh) Mzt ==5=tn (4.13)

many elements.

We want to split the difference between the two estimates (L12) and [TI3).
Specifically, we let € = w, choose M so large that (log k)% > logk—¢
and choose N’ so large that

M-1n—-M-1

(log k) 7

>logk—e=h+c¢

for n > N’. With these choices we have
[W,| > elhten (4.14)

for n > N'.

Having chosen ¢, the set X, and the number N, are now also defined (by
the discussion leading to [@I2])). We now define the marker set @) using the
Kakutani—-Rokhlin lemma. In fact by that lemma there exists a set Y C X
such that

Z=YUTYU.. .urmax{NeNTy

is a disjoint union and u(Z) > 2. It follows that u(Z N X.) > 1 and so there
exists some 0 < ¢ < max{N_., N’} such that Q = T*Y N X_ has positive
measure.

The so-defined marker set @ has the following convenient properties:

(1) for any x € @ the first return time to @ is greater than max{N., N'};
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(2) the subset
Qn=QNT "QNT'QU---UT-"~1Q)

of @ with first return time equal to n > max{N., N'} is covered by less

than e("*t9)” many elements of the partition ¢, = g_l;

(3) for n > max{N., N’} there are at least e("+¥)» many words in W,, that
begin with wg but do not contain it later; and

(4) almost every point in X’ has infinitely many visits to @ in the future and
in the past.

We now define ¢ : X — A” using some fixed sequence of injective maps &,
from ¢, as in (2) to W), as in (3) for all n > max{N,, N'}. In fact, if we let

Vo(z) = {m [ T™(x) € Q}

be the set of visits to @ and define ¢(x) by the concatenations of

b, ([me]gm)

o]

whenever
[m,m+n]NVy ={m,m+n}. (4.15)

More precisely, if (ZI5) holds, then
, ([me} §g_l)
defines the coordinates (¢(x)); for
je{mm+1,...,m+n—1}.

Foll # € X’ as in (4), this defines a point ¢(z) € AZ.

The construction ensures that the property ([@I0) holds, so that ¢ defines
a factor map. Suppose now that z,y € X’ and ¢(z) = ¢(y) as in [@IT]). The
properties of the set W,, for n > N’ then imply that Vg (z) = Vo (y) and that

[le=_ = [Yle=_

since we use injective maps @,, from ¢, to W, for n > N’. By the property
of £ this gives = y almost everywhere. This gives the theorem (see also

Exercise [4.2.]). O

T For z in the null set X’~X we may set ¢(x) = 1° or leave ¢ undefined.
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Exercises for Section

Exercise 4.2.1. Analyze ¢~ 1([j]o) for any j € {0,1,...,k — 1} for ¢ as in the proof of
Theorem 5] Conclude from this that ¢ is measurable (as implicitly required for the result).



