Chapter 3

Normal Abelian Subgroups and some
Metabelian Groups

We discuss in this chapter the unitary duals of a few solvable non-compact
non-abelian groups G. In some cases we will find a complete description of
the unitary dual G. This will give us a chance to see how the results of
Chapter 2] can be of importance for other groups, to see concrete instances
of infinite-dimensional irreducible unitary representations, and to see that
the Fell topology on G (to be introduced in Section 4] can have exotic
properties. Moreover, we will use here (in an ad hoc manner) a new type of
construction that lifts a unitary representation from a subgroup of G to a
unitary representation of G. This construction will also appear in other forms
of increasing complexity in the following chapters. The first cases considered
here should help the reader to become more familiar with this ‘induced rep-
resentation’ construction.

However, we will also see that for some solvable groups G a complete
description of the unitary dual is not a reasonable goal. As a result our
focus will be on giving examples of both behaviours instead of a complete
abstract discussion. Consequently, the only section of this chapter that will be
important for later core developments (the above mentioned insights arising
from examples notwithstanding) is Section [3.1]

3.1 Normal Abelian Subgroups

The results of Chapter 2] will be important in this chapter and also in later
discussions concerning a non-abelian group G. In fact, if G has a closed nor-
mal abelian subgroup H < G then we will often be able to obtain useful
information about a unitary representation 7 of G by restricting = to H, ap-
plying the results of Chapter 2l and using information about how the action
of G on H < G (or rather, on its dual group H) and the spectral theory
of 7|y interact (as discussed in Section and in Exercise in simple
instances). Here 7|y denotes the unitary representation of H on H, by re-
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132 3 Normal Abelian Subgroups and some Metabelian Groups

stricting the homomorphism 7: G — B(H,) to H. We will see applications of
this approach even for simple groups GG, where one first restricts to subgroups
of G that themselves have a normal abelian subgroup.

So suppose that G is a locally compact, o-compact, metric group, and
that H < G is a closed normal abelian subgroup of G. In this case any g € G
induces an automorphism 6,: H — H defined by 6,(h) = ghg™'. Using
Lemma [2:29] for the abelian group H we obtain for each g € G an automor-

o~

phismé\g:ﬁ%ﬁ.Werecallthat@ —0.6, =0, 0 for g1,9, € G.

9192 91792 92791
For a unitary representation 7 of G, we will simply write f, (or g, .,)

for the spectral measure /ﬁ‘” on H obtained from Corollary [ZTT] for |
and v € H, (resp. ugJﬁ,’ obtained from Proposition 2252 for v,w € H,).

Proposition 3.1 (Spectral measures for normal subgroups). Let G
be a locally compact o-compact metric group, and suppose that H < G is a
closed normal abelian subgroup. Let w be a unitary representation of G. Then
forv,w e H, and g € G we have

and
Nﬂgv,wgw = (99_1)*/%,11;-

PRrROOF. Let g € G and h € H. Then
/f{ (h,t) Apre 7,0 (t) = (mpmav, myw) = (Ty-1py0, W)
= /A <9g*1(h)7 t> de,w(t)
7
— [ (08;14) dunt) = [ (hes) 4B ") )
7 "

for all v,w € H,, which proves the proposition by uniqueness of the non-
diagonal spectral measure in Proposition .52 For v = w € H, we also
obtain the case of the principal matrix coefficient in Corollary 2111 O

We will now study the functional calculus for m|y in Proposition 2.50]
which gives the Hilbert space H for a unitary representation 7 of G a module
structure over .£>°(H) by letting F' € £ (H) act via mpo (F) = (7| g ) ee(F).

Corollary 3.2 (Functional calculus for normal subgroups). Using the
same assumptions as in Proposition Bl we have
7Tg7'r1~*c(F)7T_<;1 = Tpc(F 0 by)

for all F € f“(ﬁ) and g € G.
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3.1 Normal Abelian Subgroups 133

ProOF. For v,w € H, we have by the definition of the functional calculus
for 7| in Proposition 2.56] Proposition Bl and the definition again that

<7TFC(FO @\g)v,w> = /I?F o 9\9 dpty 4 = /ﬁ Fd(é\g)*ﬂv,w

- [\ de’ﬂflv g tw T <7TFC(F)7T!]_1U’7T9_1M>
i g g
= (e (F)my v, w),
which proves the corollary. (I

It will also be convenient to use the projection-valued measures
g = mee(1p)

for measurable subsets B C H as introduced in Section 6.1l Recall that
these are orthogonal projections satisfying

g g, =g, g = I g,

for all measurable By, By C H , and by Exercise [ZG1] (see also the hint
on p. B0T) we also have

0o
Hl_lyolo:1 B, = Z HBn’
n=1

with the sum converging in the strong operator topology whenever By, B, ...
are measurable mutually disjoint subsets of H.
We will be using the abbreviation

GxH>(gt)— gt=0,'(t)e H (3.1)

for the natural action of g € G on t € Ii . With this Corollary applied
to F' = 1g for a measurable subset B C H gives the conjugacy formula

H,.p=m,dpr," (3.2)

since

g = e (]1(3;13) = e (113 o 99) = Ty Tpc (]lB)ﬂ'g_l = ﬂ'gHBﬂ'g_l
by definition. We will use this identity frequently. It may help to remember
that I1g is the projection to the subspace ‘corresponding to generalized eigen-
values in B’. Hence ([B.2)) states how generalized eigenvalues for 7|y behave
when 7, is applied.
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134 3 Normal Abelian Subgroups and some Metabelian Groups

We leave the continuity of the action of G on H as an exercise, since it
will be quite obvious in the concrete cases we wish to study.

Exercise 3.3. Assume as above that G is a locally compact, o-compact, metric group and
that H < G is a closed normal abelian subgroup. Show that the action of G on H defined
in B3J) is continuous.

We conclude this section with another general observation, this time con-
cerning the maximal spectral measure obtained in Proposition 2.62] for the
restriction 7| z.

Lemma 3.4 (Quasi-invariance). Using the same assumptions as in Propo-
sition [B.1], we have that a mazimal measure is quasi-invariant under the
action of G on H. That 1S, if max %S @ mazimal measure on H then for
any g € G the push-forward measure g, fiyax under the action of g on H lies
i the same measure class as fiyax-

PROOF. Let v,,,« € H, be a vector of maximal spectral type, timax = ty
and g € G. Then 7 v, € H, and Proposition 3.1l implies that

max ’

~

Getmax = (0571) to. = tr v < fnas

max g “max

since fyax s @ maximal spectral measure (see Proposition 2.62). Applying
this to g% gives g5  max < fhmax, DENCE Loy <K Gy fbmaxs and the lemma
follows. O

3.2 A Construction Using Invariant Measures

We assume now that G is a locally compact, o-compact, metric group,
that H < G is a closed normal abelian subgroup, that A < G is a closed
subgroup with H N A = {e}, and that

Hx A> (hya) — ha € G

is a homeomorphism of topological spaces. In other words, G is the semi-
direct product A x H (which may also be written H x A) of its subgroups H
and A. We will refer to H as the normal abelian subgroup, and to A as the
complementary subgroup. We note that if in addition A is abelian, then G is
called metabelian. We also note that Lemma [3.4] already shows a connection
between unitary representations and quasi-invariant measures.

Making our life a bit easier, we assume in the following that y is an A-
invariant o-finite measure on H with respect to the action introduced in ).
In order to have the standing assumption of Section satisfied, we let X
be a measurable subset of H with u(H~X) = 0, and assume that one of the
following two conditions holds:
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3.2 A Construction Using Invariant Measures 135

e X = A, is a single A-orbit for some ¢, € H , and we will equip X with
the quotient topology induced by the orbit map A > a — a-ty € X.
This makes X into a locally compact, o-compact, metric space, and the
Borel o-algebra of X agrees with the Borel o-algebra of X viewed as a
subset of H. We assume that u is locally finite on X, which then makes
it into the Haar measure on

X = A'to = A/ StabA(to)

e X has the property that the induced topology of X as a subset of H is
locally compact, o-compact, and p is locally finite when considered as a
measure on X.

We will see that these assumptions on G =2 A x H, X C fAI, and the
measure 4 are a good compromise. They will allow us to give a quite general
framework for the construction of (irreducible) unitary representations that
is still relatively easy to work with. Moreover, in some cases we will obtain
from this construction all irreducible unitary representations of G.

Lemma 3.5 (Representations arising from invariant measures). FEv-
ery A-invariant o-finite measure p on H as above gives rise to a unitary
representation ™ of G on H, = Li(X) by letting the elements of the nor-
mal abelian subgroup H act as multiplication operators and elements of the

complementary subgroup A act via Koopman operators. More formally, we
define

(7 £) (&) = (h. 1) f (1),

(7)) = fla™ et) = (Bt ), and

(That) (&) = (whmlif) () = (h,t) f(Bat)
d

~

forallhe H,a € A, fELQ(fI,u), and t € H.
PROOF. Since (h,t) € S' for every h € H and t € H, it is clear that )

defines a unitary operator on LQ(ﬁ ;i) = LZ%(X). Moreover, for a convergent
sequence (h,,) in H with h, — h € H asn — oo and f € L(X) we also
have

I £ = w13 = [ 1ot = (b PP dte) — 0

as n — 0o, by dominated convergence.

For elements a € A we have that A 3 a — 7/ defines a unitary represen-
tation of A by Proposition [[3] (or by the more general Proposition [L.T]).

For h € H,a € Aand f € L(X), we define n}, f = wjnl f. For t € H
this means that

T (T ) (E) = (b, ) (72 F) (t) = (b, t) f (Bat).
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136 3 Normal Abelian Subgroups and some Metabelian Groups

To see that 7* is indeed a representation of G = A x H, we use the above
for h and ¢!, and calculate

(ﬂ—#ﬂ-h Ta- 1f)

(7h )(9 t)

< > 6, '0,1)

< > ( a~ 19 t)

= <aha—1,t> F(t) = (Topa f) (@),

For aq,ay € A and hy, hy € H this now implies

w R T R VR )
s ™ =m, T T T
hia; " hyay hy a;, hy a,
R Gl A e
hy h2 a‘l ap Gy
‘\,_/
=7 .
a1h2a1
ok ST
= s =
hyajhyay ™ aja, hyaihya,

by definition, as required.

To see continuity of the representation 7# of G, let f € Li(X ) and suppose
that (h,) and (a,) are sequences in H and A, with h,, — h and a,, — a
as n — 0o. Then

175 o f = mho fIl < Nmpy (7l f =7 ) + llmh 7l f — mml fl — 0

nln
as n — 00, as required. ([l

We recall that a non-zero A-invariant measure y on H is called A-ergodic
if any measurable subset B C H with u(BAa-B) = 0 for all a € A must
satisfy pu(B) = 0 or u(H~B) = 0. We note that the Haar measure on a single
orbit A-t, for some t, € A s always A—ergodicﬂ

Lemma 3.6 (Ergodicity implies irreducibility). If u is an A-invariant
ergodic locally finite measure on X C H as above, then the unitary represen-
tation Tt 4s irreducible.

PROOF. Suppose that V C H,, is a non-trivial w¥-invariant closed subspace.
Let vy, be a vector in ¥V with maximal spectral type as in Proposition
for 7# restricted to H and restricted to V. We note that the spectral mea-
SUTe fhmax Of Vpmayx 1S given by |vpax|? du. Let B = {t € H | vyax(t) # 0}. We
claim that B is (up to sets of measure zero) invariant under A. Indeed,

“ . -~
7Ta vmax - vmax © 0(1 6 V

T It is tempting to think that this is tautological, but in fact it is an elementary consequence
of properties of Haar measures (see [24] Lem. 10.3] or [22] Prop. 8.6] in the case of the
Haar measure on A).
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3.2 A Construction Using Invariant Measures 137

has an absolutely continuous spectral measure |v,,,.|? o éa dp with respect
to the spectral measure diiyay = |[Vmax|? di. This implies that almost ev-

ery t € 5;13 belongs to B. Using wg,lvmax € V in the same way, we see
that u(BAG;1B) = 0 as claimed.

By ergodicity of u, this implies that u(B) = 0 or u(ﬁ\B) =0.As Vis
a non-trivial subspace we have v, # 0, and so u(ﬁ\B) = 0. Applying
the measurable functional calculus for 7#| g, we see that £ (ﬁ Vmax C V.
However, since vp,,,(t) # 0 for p-almost every ¢t € X the subspace

L (H)Vmas € Ly (X)
is dense. Hence V = H, is irreducible, and the lemma follows. O

Lemma 3.7 (No isomorphisms). Let p; and py be two A-invariant and
ergodic measures on H as above that are not multiples of each other. Then w1
and w2 are not isomorphic.

We note that in the concrete cases of the above framework that we will
consider, the proof of Lemma B.71 will be significantly easier than in the
general case considered here.

PrRoOOF OF LEMMA 37l By assumption, both measures are o-finite. Hence we
can apply the Lebesgue decomposition theorem to pq and o, which allows
us to write {1y = abs T+ Hsing for two uniquely determined measures

Habs = Ha|B,,, < f1,
Hsing = H2

Biing L o,

and a measurable partition H= Baps U Bging- Applying the push-forward by
some a € A, invariance of p; and ps, and the uniqueness of the Lebesgue
decomposition, we see that p,p,s and fig,, are also invariant under A.

We claim that the Radon-Nikodym derivative % of an A-invariant mea-
sure v that is absolutely continuous with respect to another A-invariant and

ergodic measure p is almost surely constant. Applying the claim to

V= s < 0= Iy

(and p,ps < 19), we deduce that p,p, is a multiple of pq (and of py). Thus
if paps # 0, then py and py are multiples of each other and so by our assump-
tion (and the claim) we have u; L us.

To prove the claim, we define F' = g—z and we let B C H. Then

/3qu =v(B)=v(a"'B) = /(1—13 Fdu

:/ (Foa_l)oadu:/Foa_ldu.
a~'B B
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138 3 Normal Abelian Subgroups and some Metabelian Groups

As B C H was arbitrary, this shows that F' = Foa~! almost everywhere with
respect to p. Ergodicity of p now implies that F' must be constant p-almost
everywhere, which proves the claim.

Returning to the unitary representations, we note that the spectral mea-
sure of v € M, = L*(H, ) for 71|y is given by |v|* dpy, which applies
similarly to elements of H,,,. Since p; L py, the spectral measures for ele-
ments of H,, and H,, are mutually singular, and hence the lemma follows
from the claim. (|

To summarize, we have shown (under mild technical assumptions) that
a o-finite A-invariant and ergodic measure on H gives rise to an irreducible
unitary representation of G = A x H, and that these unitary representations
are non-isomorphic for any two non-proportional ergodic measures. There
might be other irreducible representations (see, for example, Sections B.2.1]

and B3.0]).

Exercise 3.8. Let G = A X H and let uq, uy be two A-invariant o-finite measures on H
as above. Show that if u; < po then 7#1 < wh2.

3.2.1 An Impossibly Complicated Dual

We wish to apply the above results to a concrete solvable group to see that
sometimes it is more or less impossible to classify all irreducible unitary
representations for a given group. For these negative results we will rely on
some background in ergodic theory (see [22], for example). We define the
normal abelian subgroup as

I{_{<é?)ehh@2GD'heR}

where R = Fo[T,T~!], and the complementary subgroup as the diagonal
subgroup A 2 Z in

G=7ZxR= {(% I;lll) EMa.tZQ(R)

neZheR}

to simplify some discussions. This group can also be described using the
wreath product as Fy ¢ Z and is called the lamplighter gmup With some

T The name of this group comes from the following image. Envision an infinite street
with lamps at each integer coordinate, with a lamplighter moving along the street. In this
picture elements of G can be interpreted as instructions to the lamplighter to move along

the street Z by distance one (corresponding to (T (1])) and to light or extinguish the lamp

11
at that position (corresponding to ( 1))
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3.2 A Construction Using Invariant Measures 139

modifications, the discussion also holds for

Gy =Zx Z[L] = {<2J ff) € Maty 5 (Z[L])

neZ,heZ[%]}

and

GM:ZMZQZ{(]% ff) € GLy(Z)

neZ,heZQ}

for some fixed hyperbolic M € GL,(Z) and many other groups.
For
H=R=F,TT"=F,
neZ

the Pontryagin dual is given by H = FZ (see Proposition Z27). In other
words, in the language of ergodic theory H is the full shift on 2 symbols. The
automorphism 6 of H defined by 0(h) = Th featuring in the definition of G
can be written as

6‘((071)7162) = (Cn—l)nEZ

if we identify the polynomial h = 3> _, ¢, T" € H with the finitely sup-
ported sequence (c,,) € €D,,c;, Fy of its coefficients. The dual automorphism
is therefore given by the left shift, so

~

6‘((tn)n€Z) = (thrl)nGZ

for (t,)nez € H.

We will now show that the space of ergodic measures for the full shift is
ridiculously large and that such measures cannot be meaningfully classified.
We indicate a few ways to find invariant ergodic probability measures, and
ask the reader to take on faith the fact that these are very far from exhaustive:

e (Periodic points and orbits) The full shift has many periodic points which
may be obtained by taking any finite block of Os and 1s and concatenating
it infinitely often, and each such point gives rise to a finitely supported
ergodic invariant measure simply by averaging along its orbit. Precisely,
ifx e IF% has 0"z = x for some n > 1 then % Z;& 65,% is such a measure,
where d, denotes the point mass at z. Moreover, if the orbit of x € F% is
infinite, then we can also use the o-finite measure =, ., 05, for the
construction of the irreducible unitary representation.

e (Bernoulli measures) For any p € (0, 1) we can define the product measure
using probabilities p and 1 — p for the symbols 0 € F, and 1 € F, respec-
tively. The resulting shift-invariant ergodic measure is called a Bernoulli
measure.

e (Markov and Parry measures) For any finite set S of finite words (or
blocks) in the alphabet Fy = {0,1}, one can define a closed f-invariant
subset Xg C H of all sequences that do not contain any word from S.
Under mild conditions on S one can find a natural ergodic invariant prob-
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140 3 Normal Abelian Subgroups and some Metabelian Groups

ability measure on Xg, called the Parry measure, which is in some sense
the most uniformly distributed measure on Xg. Varying the set S gives
another collection of ergodic invariant probability measures, a countable
collection in this case. Allowing more general constructions gives uncount-
ably many different ergodic invariant probability measures called Markov
measures.

e (Coding a measure-preserving system) Given an ergodic measure-pre-
serving system T: X — X on a probability space (X, B, ) we can define,
for any measurable set A C X, a map

D, X — F%

by sending x € X to the sequence (ﬂA(T"I))neZ' Then pp 4 = (Pa).v
is an ergodic invariant probability measure on F%. For this rather gen-
eral construction it is very hard to see when precisely one gets different
ergodic measures (though this is certainly going to happen often). So let
us specialize this setup in the following construction.

e (Torus rotations) Let d > 1, X =T and T = R, : © — x4+« be a rotation
defined by some a = (ay, ..., ay) € RY. Assuming that 1,ay,...,q, are
linearly independent over QQ, this defines an ergodic measure-preserving
system with respect to Lebesgue measure m. For any measurable set A
in T¢ we now obtain a map @4 and an ergodic invariant probability mea-
sure fi, 4 on FZ. As T has ‘“very few factors’, we can find a variety of
ergodic measures by varying « and A. Using the spectral theory of the
associated Koopman operators or entropy theory (see [21, Sec. 1.3]), we
also see that these measures are all different from the Bernoulli, Parry,
or Markov measures above, and it is clear that they cannot coincide with
any periodic point measure unless m(A) € {0,1}. Using X = T?, from
any ‘picture with a frame’ A C T?, we can construct a new irreducible
unitary representation of the lamplighter group in such a way that dif-
ferent pictures (when considered modulo the Lebesgue measure) give rise
to different irreducible unitary representations; see Figure 3.1l and Exer-

cise [3.01

The above selection of examples is influenced by the mathematical interests
of the authors. Many other examples and constructions of ergodic measures
or irreducible unitary representations are possible (see also Section B.6.T]).

In the following exercise, we invite the reader to prove the mentioned
‘constructions of irreducible unitary representations via pictures’.

Exercise 3.9. Let X = T2, v = mq2 be the Haar measure, and define 7: T? — T2
by T:T? 3 2 +— 2+ a € T? for some o = (a;,ay) € R2. We suppose throughout
that 1, a;, ay are linearly independent over Q.

(a) Prove that myp2 is an ergodic invariant measure for 7. Show that any orbit

{z +na|nelZ}

is dense in T2.
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3.3 Characterization of some Unitary Duals 141

Fig. 3.1: For the purpose of Exercise we say that a subset A of T? ‘has a
frame’ is there exists some € > 0 with the property that [0,1] x [—¢,e] +Z2 C A
and [—¢,€] x [0,1] +Z2 C A but the sets (g,1 —¢) X ((e, 2e)U(1—2,1— 5)) + 72
and ((a, 2e)U(1—2¢,1— a)) x (6,1 —€) + Z? are disjoint from A. These pictures
define irreducible unitary representations of the lamplighter group that have no
better description than that given by Exercise and the pictures themselves.

(b) Now suppose that A C T? is an arbitrary measurable subset with a ‘frame’ as illus-
trated in Figure Bl Use A to define a factor map @ 4: T2 — IF% sending 2 € T? to the
sequence (IlA(:c + na))nez. Show that @ 4 is injective.

(c) Show that for two measurable subsets A1, Ay C T2 with frames, we have BT,A, = BT 4,
if and only if m(A; AA) = 0.

(d) Now conclude, together with the results of this section, that any black and white picture
on [0,1]2 with a frame gives rise to an irreducible unitary representation of the lamplighter
group uniquely associated to that picture.

3.3 Characterization of some Unitary Duals

We show in this section in a couple of concrete examples how a complete
description of the unitary duals of metabelian groups can look like.

3.3.1 The Isometry Group of the Plane

We define the orientation-preserving isometry group G = SO, (R) x R? of
the plane as the semi-direct product of SO,(R) and R2. More concretely, we

define
G = {(g?) ‘keSOQ(R),heH@}

and will consider the subgroups

h= { (l% (1)) } ki = <Z§)§§ _ccs,isnf) with ¢ € R} = SO0, (R)

and
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142 3 Normal Abelian Subgroups and some Metabelian Groups

m{ (1) = (i) e =

satisfying G = HK, H < G, and K N H = {I}. We will identify the com-
plementary subgroup K with SO4(R) and the normal abelian subgroup H
with R%. We note that conjugation of h € H by k € K simply corre-
sponds to application of & € SO4(R) to h € R%. By the discussion in Sec-
tion 2.4.2] the homomorphism dual to the conjugation map ¢, is therefore
given by 6, = k' = k~1. Adapting the notation of Section .1l and (B.1I), we
have k-t = kt for k € SO,(R) and ¢ € H 2 R?.

The Irreducible Representations

We will roughly classify the unitary representations depending on whether H
acts trivially or not.

(0O1d) Every irreducible unitary representation of
K~G/H

gives rise to a unitary representation of GG, which we will refer to as an old
representation. Since G/H = SO4(R) 2 T we see that for every n € Z there is
an associated old irreducible unitary representation defined by the character

cos ¢ —sing hy .
Xn:G3 |sing cos¢ hy | — e?.
1

(New) We will refer to an irreducible unitary representation 7 of G for
which 7|y is a non-trivial representation of H as a new representation. As
we have seen in Corollary [[.79] such representations must exist.

We now define for every r > 0 a new representation 7" on H,. = L*(R?, 11,.),
where u, is the normalized arc length measure on the circle

St ={teR?| |t]l =}

of radius r. We will think of 7S! as a subset of the dual group H = R2 =~ R?.
In fact p, is a K-invariant and ergodic probability measure on

X =S = K. (S)

As discussed in Section [3.2] we can now define 7"|y simply by the multipli-
cation representation

(7hf)(t) = (R t)f(2)
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3.3 Characterization of some Unitary Duals 143

for h € H, f € L*(H, ), and t € H. On the subgroup K we define
(kf)(6) = £ (Bt) = F(k 1)

for ke K, f € L2(ﬁ,ﬂT), and t € H. Lemmas and [3.6] show that this
gives rise to an irreducible unitary representation 7" on H, = L?(R?, u,.).

Lemma 3.10 (Non-isomorphic). Let r and s be different positive real
numbers. Then the new representations " and 7° are not isomorphic.

PROOF. This follows from Lemma[3.7] but as the case at hand is so much eas-
ier we also give a direct argument. For any f € H, the spectral measure of f
with respect to 7"| 5 has support in 7S, while for f € H, the spectral mea-
sure of f with respect to m°|; has support in sS! (see Proposition Z.51)(2)).
The lemma follows since rS' N sS' = (). O

The reader may benefit from analysing alongside our discussion a different
but slightly easier semi-direct product. Hence we fix for the following exercises
an integer d > 2, and define

cos¢p —sing 0
K;= sing cos¢ 0| € K ¢€2§Z ~7/dZ
1

and Gy = K;H < G. As before, we will distinguish between old representa-
tions (which correspond to elements of K, = Z/dZ) and new representations.

Exercise 3.11. (a) Construct for every t; € ﬁ\{O} a new representation 7 of Gy on C¢
such that for some v € C% we have v = (h,t)v for all h € H.

(b) Show that the new representation defined in (a) is indeed a unitary representation
of G4. Also show directly that the representation is irreducible.

(c¢) Characterize the pairs tg,t; € ﬁ\{O} with the property that the new unitary repre-
sentations from (a) associated to ¢y and ¢; are isomorphic.

Exercise 3.12. Prove the analogue to Proposition B3] for the group G.

Classification of the Unitary Dual

Proposition 3.13 (Description of G). Let G = K x H = SOy(R) x R2
be the isometry group of the plane as above. Then the set of old representa-
tions X, for n € Z and of new irreducible representations ©" for r € (0,00)
constructed above comprise the complete set of irreducible representations.

We note that this proposition also follows quite easily from our main tech-
nical result of the chapter, namely Theorem [3.200 but we believe it is worth-
while to prove the case at hand directly as a warm up.
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144 3 Normal Abelian Subgroups and some Metabelian Groups

ProOF OoF PRoOPOSITION 313l Let 7 be an irreducible representation of G.
If 7| is trivial, then 7 induces a representation of G/H =2 K = SO,(R) = T
and so equals an old representation defined by some weight n € Z = T.

So let us assume that 7| is non-trivial. Let piy,ax = ft,, - With vy, € Ho
be a maximal spectral measure as in Proposition for 7|, and let

S = Supp fimax € H

be its support. We claim that S = rS! for some r > 0. R

For the proof of the claim we first show that S C H is invariant under
the compact subgroup K = SO, (R). Indeed, applying 7, for some k € K
t0 Upax We obtain by Lemma [3:4] that Bopv . = k*“vmx defines the same
measure class as Ho - This implies that kS = S for all k € K forall k € K.
To prove the claim, we define the function R: H = R? 3 ¢ — ||t|| and note
that R(kt) = R(t) for all k € K and ¢ € H. Together with Corollary B2,
this shows that B = m,.(R) is equivariant for m restricted to K. Since B is
equivariant for 7 restricted to H by construction of the measurable functional
calculus in Proposition2.56] B is equivariant for 7. By irreducibility of 7 and
Schur’s lemma (Theorem [[229)), it follows that B = mpo(R) = rI for some
constant r. By the spectral theorem (Corollary 2:63) and the measurable
functional calculus (Proposition [Z56l6)), this amounts to the claim that

S = Supp fmax = TSl'

Moreover, we must have r > 0 since 7| is assumed to be non-trivial.
Having found the right candidate for r, we still need to prove that = is
isomorphic to 7w". For this we first notice that there exists some weight n € Z
and some eigenvector v € H, for 7| of weight n (since K = T is compact
and abelian with K = 7).
We define the measurable map D € £*° (fAI ) by taking the direction of the
argument; that is,

1 ift=0,

H>3t—D(t) =1 , 1
®) e if t = ||t[|ky (O) for some k, € K.

We will use D together with the functional calculus in Proposition 2.56] for
the restriction 7|g. By Corollary B.2] we have

e (D okfp) = Tk, Trc (D)Trk_wl

for k,, € K, where

1 = i
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for all
1 ~
t= |\1€Hl€¢7 (O) € H. (3.3)

This now implies for 7., (D)v that w is an eigenvector for 7| g of weight (n—1).
Indeed,

Tk, Tee(D)v = Tk, WFC(D)TFk_wlﬂ'kw’U = Tpe (efw’ D) ey = (DY (D)
for all k,, € K. Similarly, 7. (D)v is an eigenvector of weight (n+1). In other
words, m,o(D) lowers, and 7 (ﬁ)_raises, the K-weight of any eigenvector.

We also note that m,.(D) and m,.(D) = 7,.(D)* are unitary, since | D(¢t)| = 1
for all ¢t € H. In particular, we have

[o] = l[mec(D)v]] = [[mec(D)v]-

Hence we may and will assume that v = vy € H, is an eigenvector for 7| g
of weight 0 with ||v]| = 1. For every m € Z we also define v,, = m.o(D")vq
and notice that this implies that ||v,,|| = 1, 7e(D™)v,, = Upmin, Uy has
weight —m, and hence (v,,,v,,) = d,, ,, for all m,n € Z. We define the closed
subspace

V={,|meZ CH,

and
U:V3 > v, — Y a, D" eH, =L (rS' ).
mEZ meZ

We claim that V = M, and that U is an equivariant isomorphism from # .
to H,., which will imply the proposition.

Since p, is the normalized arc length measure on rS', it follows that the
functions D™ for m € Z make up an orthonormal basis of H,,.. In particular, U
is a unitary isomorphism between V and #H,. Moreover,

T m T m 1
i, 070 =i, 0" (1l () )
=0 (il () ) = e e pny

for all ¢ as in (B:3) shows that D™ is also an eigenvector for 7"| ;- of weight —m.
Therefore
U:V—H,

is already equivariant for 7| as well as for the operators m.,(D"™) on H,,
respectively Mpn = 7o (D™) on H, for all n € Z.

For the proof that V is invariant under 7|y and that U is also equivariant
for 7|z (which are both unclear at this point) we will again use the functional
calculus for | . In fact, using the fact that 7|z and ©”|; have their spectral
measures supported on the same circle rS', we will show that 7, for h € H
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146 3 Normal Abelian Subgroups and some Metabelian Groups

can be expressed in terms of the operators m..(D") for n € Z which we used
to define V.
More precisely, on rS' we have the identities

(D(t) + D™'(¢)),
(D(t) —=D(1)),

™Mt = N " L (2mih, L (D(t) + D' (1)))",

n=0

tlz

N3 N3

t2:

o0

e?mihatz = N 1 (2mihy 5 (D(t) — D71(1)))",

n=0

where the two sums converge uniformly on rS' for every

By the properties of the functional calculus in Proposition [Z.56] this implies

Thye, = Moo (t —> e2™Mh) =3~ L (2mih, 5)" > (7)) mpe (D)
n=0 =0

e = et ) = 5° 4 0aihy )" 3 () (0)
n=0 £=0

for all h = hye; +hyey € H. This shows that we can express 7, for any h € H
in terms of h, the number r, and .. (D") for n € Z. Since V is invariant under
the latter and U is equivariant for the latter, it follows that V is invariant
under 7|z and U is equivariant for m|g. As V is closed and invariant, and 7 is
assumed to be irreducible, it follows that ¥V = H,. This concludes the proof.

O

One may wonder why we had to work quite so hard to obtain the iso-
morphism above, and in particular to obtain spectral multiplicity one for the
restriction to the normal abelian subgroup H <1 G. The following exercise
shows that the latter is not automatic for cyclic representations.

Exercise 3.14 (Infinite spectral multiplicity of cyclic representations). Let G be
the group SO5(R) x R? be as above and 7 > 0. Show that (77)% is cyclic.

The reader may wonder why we restricted our attention in this section to
the two-dimensional case. Indeed it is possible to extend the above to higher
dimensions, but the complete description of irreducible representations in
these cases is a bit more involved. We will discuss this briefly in Section B.5.11
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The Full Isometry Group of the Plane

We will now discuss, through a series of exercises, the unitary dual G of the
full isometry group

G—OQ(R)KR2—{(I€€L> ‘keOQ(R),hERQ}.

Exercise 3.15 (Old representations). Show that the unitary dual of O5(R) is given by
O5(R) = {1,det} U {6" | n € N},

where 1 is the trivial representation of O4(R), det is the unitary character defined by the
determinant map, and 6™ for each n € N is an irreducible unitary representation of Oy (R)
on C? so that 5"|SO2(R) has eigenspaces for weights n, —n.

Exercise 3.16 (New representations). Let » > 0. Show that the new representation 7"
of SO4(R) extends, by the same formulas, to a new representation ™% of Oy(R) on H,..
Show that 7™~ = det @™ defined by

G 39— " (9) = det(g)n"" (g)
defines an irreducible new representation 7™~ that is not unitarily equivalent to 7™,

Exercise 3.17 (Completeness). Prove that

0,(R) X R2 = Oy (R) U {n"F, 7"~ | € (0, 00)}.

3.3.2 The Affine Group in One Dimension

As our next solvable group, we wish to study the affine group in one dimen-
sion, known colloquially as the ‘axz + b’ group. In fact we have a choice of
either studying the connected group

o= {(6)

or the full affine group

o =101)

We will start with G = G4 and explain below how to adopt the results
to G. We will use the letter a for elements of R*, and the letter b for
elements of R. For convenience, we will use the abbreviations

a0 10
ga_< 1>7hb_< 1)a
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and define the abelian complementary subgroup A = {g, | a € Ry} and the
normal abelian subgroup H = {h; | b € R} so that G = AH = H A and every

element
(e

can be written in a unique way as the product g = h;g,.

The Irreducible Representations

We will use the same terminology as was used in Section B.3.11

(Old) Every irreducible unitary representation of Ry, & A = G/ H gives rise
to an irreducible unitary representation of G = G+ by letting the normal
subgroup H act trivially. Since Ry 2 a +— loga € R is an isomorphism, we
see that every such old representation is given by a unitary character

Yo G > hbga = R>O eQTria loga __ a27ria c Sl

for some (uniquely determined) o € R.

(New) We now define two new representations 7 and 7~ for which the
normal subgroup R = H < G acts non-trivially.
To define 7+, we will use the measure p, on H defined by

dt

dpy = ]l(0,00)Ta

where we use the isomorphism H = R, the variable ¢ (or s) to denote elements
of H , and dt to denote the Lebesgue measure on H. Along with p, we define
the Hilbert space R

HJr = Lz(Hv MJr)'

We note that the action of g, € A on H defined by
H3t—g,t=a'teH

preserves (i, since for any measurable B C R, we have

i B) = [ 10 = [T ts = [T 16 @)

S

via the substitution s = at. As in Section B.2] we now define the unitary
representation on H by using the multiplication representation

(i 1) (1) = 2 (1)
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for hy € H, f € H,, and t € R. On A we use the Koopman representation
to define

(mg, f) (t) = f(at)

foraeRyy, feH, ,andt € H. Putting these definitions together, we define
once more

S S S S S
wgf—whbgaf—ﬂ'hbwga

for g = hyg, = (a l{) €G.

Similarly, we define 7~ on H_ = L*(R, u_) using the measure y_ defined
by dy_ = ]1(,0070)% on H = R.

Lemmas 3.5 and 3.6 now show that 77 and 7~ are both irreducible unitary
representations of G, and Lemma [3.7] shows that these are not isomorphic to
each other (this also follows from the fact that supp(n™|g) # supp(7m~|g))-

~

Classification of the Unitary Dual

Proposition 3.18 (Description of G). Let

6=c.0-{("})

be as above. Then the set of old representations defined by characters on A
and the two new representations ©+ and w~ comprise the complete set of
irreducible representations of G.

aeR>0,beR}

PROOF. Let 7 be an irreducible unitary representation of G and let i, be
a maximal spectral measure on H for 7|g.
We note that N
H~R = (—00,0) {0} L (0,00)

and that each of the sets B = (—00,0), B = {0}, or B = (0, 00) satisfies the
property a-B = B for all a > 0. Hence ([B.2]) implies that [Ty is equivariant
for A. As it is defined by the functional calculus for 7| it is also equivariant
for 7|g. By Schur’s lemma (Theorem [[.29) and since ITg is an orthogonal
projection, we therefore obtain Ilp = I or IIg = 0. For p,,, this implies

If f1max is supported on {0}, then 7|y is trivial and 7 can be thought of
as a representation of G/H = A, and hence is defined by a character of A by
Schur’s lemma (Theorem [[29)).

Suppose now that R

Hmax (H\A'tO) =0

for t; = 1. Applying Theorem [B.20] below now shows that = is isomorphic

to 7.
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150 3 Normal Abelian Subgroups and some Metabelian Groups

If, on the other hand ,umax(ﬁ\A-tO) = 0 for t; = —1, then applying
Theorem [3.20 shows that 7 is isomorphic to 7. O

The Full Affine Group

For the full affine group G = G we define

o-fo () o)
== (#9) [acw].

The ‘old representations’ are in this case given by characters of the abelian
group G/H = A, = R x C,. The ‘new representation’ 7* is in this case
defined by the Haar measure u™ + = on the orbit A, -1 = R* inside H~R.
In fact Lemmas and show that 7* is an irreducible unitary repre-
sentation. Moreover, applying Theorem B.20] below shows that any irreducible
representation m of G for which 7|y is non-trivial is isomorphic to 7.

and

Exercise 3.19. Fill in the details of the extension sketched above.

3.3.3 Characterization of some Irreducible Representations

We will prove in this section the technical result needed for classifying the
irreducible representations of the affine group, and of the Heisenberg group,
in the next section. We would like to apply the same method of proof as
in Section [3.31] for the isometry group of the plane, but are faced with the
technical complication that the group A = R appearing in the affine group
is not compact, while the group K = SO,(R) appearing in the isometry
group of the plane was compact. In fact we used the latter in Section [3.31]
to produce an eigenvector for K, and for a unitary representation of A this
vector may not exist. To handle this we will use below the fact that R has a
compact quotient R/Z = T.

To make the result more generally applicable to semi-direct products of
abelian groups we make the following assumptions on G = A x H:

G is a locally compact, o-compact, metric group.

H < G is a closed normal abelian subgroup.

A < G is a closed abelian subgroup.

The map H x A 3 (h,a) — ha € G is a homeomorphism of topological
spaces.
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e A has a discrete co-compact subgroup.

We note that the last assumption is satisfied by R?, Z¢, T¢, and products of
these.

Theorem 3.20 (Characterizing an irreducible representation). Let G
be as above. Assume that m is an irreducible unitary representation of G such
that the mazimal spectral measure fyay for T|g has ppa (HN(Asty)) = 0

for a single A-orbit A-t, with t, € H for which the orbit map A 3 a — a-t,
1s injective. Then m is isomorphic to the representation m constructed in
Lemma for the push-forward image p of the Haar measure m, on At
under the orbit map.

The proof of the proposition will again rely heavily on spectral measures
and the functional calculus for 7|g. We note that the technical assumption
on Ay < A will be used in the form of the conclusion of the next lemma.

Lemma 3.21 (Fundamental domain). Let A be a locally compact o-
compact metric abelian group, let A < A be a discrete co-compact subgroup,
and let u be a finite measure on A. Then there exists a measurable funda-
mental domain By C A for A with non-empty interior, compact closure, and
a p-null set as boundary.

ProoOF. We will use additive notation in the abelian group A throughout
the proof of this lemma. Recall that a measurable fundamental domain in A
for A is a measurable subset B C A with the property that |[BN(a+ A)| =1
for every a € A. By discreteness of A and local compactness of A there exists,
for every ag € A, some €y > 0 for which the map

B, (ag) a+—a+Ac A/A

is injective, and B, (ap) is compact. Since p(0B. (ag)) > 0 can only take place
for countably many values of € > 0, we may choose for each a, some gy > 0
as above so that we also have M(BBEO (ao)) =0.

By compactness of A/A, there exist aq,...,a, € A and €,...,6, > 0
with these properties for which

A = U (Bsk ((lk) + /1)
k=1

A fundamental domain with the desired properties is now given by

B =B, (a1)U (Be(2)™ (B, (a1) +4)) U---U (B, (@)™ (nL_Jl B.,(a)+4))
k=1

O
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Proor oF THEOREM B20. We let A < A be a discrete co-compact sub-
group of A and B4 C A a fundamental domain for A as in Lemma B.21] By
assumption, the maximal spectral measure p,,, for 7|y satisfies

Hmax (ﬁ\A'tO) =0

for a single A-orbit A-t; of some ¢y € H. Moreover, the map A 3 a — a-tg is
assumed to be bijective, so we may move this p,,,. to a measure v,,,, on A.
By Lemma B.2T] we may also assume that v, (BB A) =0.

DECOMPOSING THE HILBERT SPACE. We define
BO = BA'tO = {a‘to | a € BA}

and will also frequently use the sets A-By = (ABy4)-ty for A € A. By our
assumptions, this shows

_E[ = |_| )\'BO [ (ﬁ\A'to),
A€eA

where H NA-tg is a null set with respect to .- Notice that the latter implies
that

Hﬁ\A-tO =0,
and hence
=Ty, =Y g, (3.4)
AeA
We also define
H,=1Ip H,

and note that
H)\.BOIHW = WAHBOIHW = 7T)\Hp

for all A € A by the conjugacy formula in ([B2]). This gives

M. =P mH, (3.5)

by 34).

DEFINING THE REPRESENTATION p OF K = A/A. Using the decomposi-
tion above, we will now define a unitary representation p of K = A/A on
the 7|p-invariant closed subspace H,. This will lead to a K-fixed vector
in H, corresponding to the function 15 € L2(I;T , ) under the desired isomor-

phism, and then in turn to the desired equivariant isomorphism between H
and L?(H, ).
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We define p,v for a € A and v € H, by the following steps. For this it may
be helpful to compare these steps to the measurable action of Aon By, = A/A
by translation, as depicted in Figure

e First apply 7, to v to obtain w,v € H.
e Next decompose

TV = g IIy. g, T
AeA

into the components
H)\.B()?Ta’u S 7T)\7‘[p

for A\ € A corresponding to the orthogonal sum in (B.5).
e Finally, modify the terms of the sum using 7my-1 for A € A to obtain the
definition
PV = Z 7T;1H)\.BO7TG’U €EH,, (3.6)
reATT———
:HBoTr;lﬂ'a'U
where the second formula for the summands follows from the conjugacy
formula [3:2) for A and By

We will now show that p, is a unitary operator on #H, for all a € A and p
indeed defines a unitary representation of K = A/A on H,,.

———————————————————————————————

————————————————————————————————————————

Fig. 3.2: The natural translation action of a € A on B, = A/A consists of
applying a to an element b € B, and finding the unique A\ € A with A\"'ab € By.
In the figure A is either the identity or one of three other elements of A. In the
proof of Theorem we are ‘translating this picture’ into subspaces of H, and
a unitary representation of K = A/A.

UNITARITY OF p,. To see that p,v as in (3.4) defines a vector of #,
with ||p,vl| = [Jv]|, we start by noting that [Tz v = v by definition
of H, = g, H. > v. Using the conjugacy formula ([3.2)) for a and By, this
gives

I, p,mev =7, g v=m,, (3.7)
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meaning (roughly speaking) that the application of 7, to v shifts the ‘H-
spectral type’ from By to a-By (see Figure B.2). Applying (B1) for A~la
instead of a, and noting that

HBOF])\*Ia-BO = HBOkala-BO

gives

HBUmAfla-B(,ﬂ'XlﬂaU = HBOﬂ')Tlﬂ'a’U (3.8)
for all A € A. We note that compactness of the closure B4 of the fundamental
domain B, implies that By N A~ ta.B, # () for only finitely many \ € A
(namely for those A in AN aB,B;"). Therefore, the sum in (3.6) has only
finitely many non-zero summands. Moreover, for A; # Ay in A we have

A ta-By N A 'a-By = Aftas(By N A A, 1 -By) = 0.

Hence (B8) implies that the vectors appearing in the sum (3.0) defining p,v
have disjoint spectral measures, and so are mutually orthogonal. Therefore,
unitarity of my for A € A and [B.4) give

lpavll® = Imy aep, movll? = Y Mg, movll? = llmevl® = o]*. (3.9)
AeA €A

As linearity of p, is clear, we have therefore shown that p,: H, — H, is a
unitary operator.

UNITARY REPRESENTATION OF K. Let aq,a, € A. Then, for all v € H,, we
have

_ —1
pa1 (pagv) - pal E *ZYBOT‘—)\2 7Ta2’U
A €A
= g witin, g myim, v
- By tX; Mta M Byt A, Ttag
A1, A €A

_ —1
= Z HBO7T>\1>\2H)\2G1.BO7TGIG2U
A, €A

_ —1
- z :HBoTrk E : Halkz'BoTralaz’U

AeA A €A

by definition of p,,, resp. p,, in ([B.6), the conjugacy formula (3.2) for Aya,
and By, commutativity of A, and the substitution A = A; A, for A;. Next we
note that the sets ayAy-By for Ay € A are disjoint with union A-t,. Hence

Z Halkz-Bo =1,

AgEA

and we obtain
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— E -1 —
pal (pazv) - HBOT‘-)\ ﬂ-alazv - palazv
AeA

by the definition of p, ,, in (B.6).
We also note that for a € A we have

PV = E HBOW)leaU =0
AeA

since for A\ € AN{a} we have By N AtaB, = () and so HBowglwav =0
by (B.8). This shows that p defines a representation of K = A/A on H,,.
It remains to see continuity of the representation. So suppose that

UEH;}:HBOHTF Q'HW

By the properties of the maximal spectral measure and the construction of
the fundamental domain B, we have u,(0B;) = 0. Here and below, we use
the topology on A-t, for which the bijective orbit map A > a — a-ty is a
homeomorphism. Now let € > 0. Then there exists a compact subset K C By
contained in the interior B§ of By with p,(ByNK) < €2. Let U C A be
a neighbourhood of the identity so that a-K C By and ||7,v — v|| < ¢ for
all a € U. We now decompose v into the sum

U:HKU+HBO\KU

and note that )
5, kvl = p,(BoNK)? < e.

We claim that
Pl v = w I v, (3.10)

which implies
lpav = vll < llpulTxcv — Mycol| + 28 = ||yl — Mycu]| + 22 < 3¢

foralla e U.
To see (BI0), we first note that by the conjugacy formula B2)) for ¢ and K
we have
g mo gy =g ne.gTqV = g v = Tl v

However this implies, by unitarity of p,, that the other terms in the or-
thogonal sum (B.) defining p,v must vanish (which can also be checked
directly using the conjugacy formula), and therefore (3I0) as claimed. This
implies continuity of the representation, and hence p is a unitary representa-
tion of K = A/AonH, = IIg H,.

FINDING A FIXED VECTOR FOR K IN H,. We claim that there exists a non-
zero vector vy € H, with ppvy = vy for all k € K. We will assume in addition
that v is normalized so that ||vy||? = m4(By).
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Towards the claim, we first note that, since K is a compact abelian group,
there exists a character y € K = A+ < A and a non-zero vector v € H, with
the property that p,v = x(k)v. Once more using the bijective property of
the orbit map A 3 a — a-ty € A-ly, we can extend x to a bounded function
on H. In fact we define F' € £ (H) by

F(t)_{l if t ¢ Aty

x(a) if t = a-ty for a € A.

Using the functional calculus for 7|y we see that 7, (F') is a unitary operator,
and define vy = m.o(F)v. With this definition, we now obtain for any a € A
that

PaVo = Z W)Tlﬂ)\-BO T‘—aﬂ-FC(F) v
——

A€A -
=mpc(Fob,)m,

_ E -1 0
- Ty Trc (F o ea)H)\-Bo oV,
AeA

where we used Corollary and the fact that the functional calculus defines
commuting operators. Next we recall that xy € A, which implies that

Foaaoa)Tl:Foa)flo@‘\a:Foaa

and, together with Corollary and the above, also

~

PaVo = Z 7TFC(F‘ ° ea)ﬂ)TIHA-Boﬂ-av = Trc (F 0 ea)pav
AeA

for all a € A. Finally, we calculate for t = a’-t, € A-ty that
Fof,(t)=F(a 'a'ty) = x(a™'d') = X(a) F(t).

Together with p,v = x(a)v, this gives p,vg = vy for all a € A as claimed.

CONSTRUCTING THE HAAR MEASURE ON A FROM v,. We claim that the fixed
vector vy € H, for K = A/A has spectral measure for 7|y given by pu|p,,
where p is the push-forward to A-ty of the Haar measure my on A. To see
this, we will instead use v, to construct a Haar measure on A, which by the
uniqueness of the Haar measure up to scalar multiples and the normaliza-
tion [|vg||? = ma(B4) will have to agree with m 4.

In fact, we note that

o € Ty, = 1,).p, Hr

for all n € A, and define the measure v on H by
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V(B> = Z :um,'uo(B N 77'Bo) = Z ||HB7TnUOH2
neA———~—" e/
=Hr, vy (B)

for all measurable B C H. For \ € A we then have

v(A-B) =Y [y pmyuoll* = Y ma I pmy-syvo||* = v(B)
neA neA

=g, voll?

by the conjugacy formula ([3.2)) for A and B and the substitution ' = A~ 1n.
This shows the invariance of v under A. R

To see invariance of v under an arbitrary a € A we again let B C H be
measurable and will show that v(a-B) = v(B). Due to the established A-
invariance and the fact that I/(ﬁ NA-tg) = 0 we may assume B C Ay,
decompose B into the disjoint union

B=||(BNABy),
AeA

and reduce to the case of a measurable subset B C By. Using p,vy = vy we
see that
2
V(B) = i, (B) = [0y |1* = [ Hppavoll* = || Y- Mem, 5wt

AeA pe
=IIg

We recall from the discussion leading to (B3] that the terms
HBowglﬂ'avO =Wy

in the definition B8] of p,vg are mutually orthogonal, since
II\-10.5,wx = wy

by B.8), and the sets A~ta-B, for A € A are mutually disjoint. Since the
projection operator IIp commutes with the projection operator IIy-1,.p,
for A € A, it follows that the terms in the sum above are still orthogonal.
Therefore, we can take the sum out, apply the conjugacy formula (3:2)) for a
and a~!'-B and the substitution n = A~! to obtain

V(B) = Z ” HBWa 7-‘—17’00”2

776/1 :Tranafl'B

= Z ||Ha*1-B7TnvO||2 = V(a_l'B)a
neA

as required.
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158 3 Normal Abelian Subgroups and some Metabelian Groups

Using the bijective orbit map A 3 a +— a-ty € A-ty, we can move v to
a measure v, on A, which by the argument above is translation invariant.
Moreover, the fundamental domain B, has measure

va(Ba) = v(By) = |[vg]|* = ma(Ba) < 0.

As B4 C A has non-empty interior, it follows that any compact subset M C A
can be covered by finitely many A-translates of the fundamental domain B 4.
This implies v (M) < oo and as M C A was an arbitrary compact sub-
set we see that v, is locally finite. Therefore, v, is a Haar measure on A
satisfying v4(By) = m4(B4) and hence vy = my. As p is defined as the
push-forward of m 4 under the orbit map, we see that v = u. Therefore we
deduce that p, (B) = v(B) = u(B) for any measurable B C By. As

oy (HBy) = ||171?1\BO”0||2 = HHI?I\BOHBOUOH2 =0,

this shows that wu, = | B, as claimed.

DEFINING THE ISOMORPHISM (ON A DENSE SUBSPACE). We will now con-
struct the equivariant unitary isomorphism U between H, and Li(fl ). For
this it suffices to define U on a dense w-invariant subspace V < H,..

To define V we again use vy and the decomposition of H,. in (B3H). In fact
we define

VO = 7"—Fc(-=g00(‘?[))vo = 7TFc(-=goo(f—j)]lBO)UO - Hpv

and obtain V by applying m, for A € A and taking the linear hull
V=> m
Aen

of the resulting subspaces. We note that
TAVo = Ao (foo (H))UO = Tec (goo (H))WA'UO

for any A € A by Corollary and the conjugacy formula ([32). We de-
fine .£>°(A-ty) to consist of all bounded measurable functions on H that
vanish outside of A.t; and outside of finitely many of the translates A-B,
for A € A. Using this notation, we can also define V equivalently by

V= {'UF = ZWFC(F)T()\’UO

AeA

Fe fc”(A-to)} .

We wish to define U: V — LZ(Aty) by sending vp for F € £°(A-t)
to ' e Li(A-tO). To see that this gives a well-defined isometry we calculate
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lopl? = lImec (F)mywo||?

AeA

=5 [ 1P dhnys,

A€

— Z/|F|2d)‘*“vo

AeA

= > [ 1FF drnls,

A€

=5 [ 1FP dudss, = 171 s,

A€

by using in turn the definition of v € V, the properties of the spectral mea-
sures, Proposition[3.I] the previous claim that Moy = | B,» and the invariance
of p under the action of A < A. In other words, U: V — Li(ﬁ) is indeed an
isometry.

As V is defined by an arbitrary function F in £°(A-ty), which is an ideal
in > (H), and the unitary representation 7|y can be recovered from its

functional calculus, we see that V is invariant under 7| ;. Moreover, for h € H
and F' € £°(A-ty) we have

Ulmyop) = U (Y mec(MyF)myvg) = MyF =, () F,
reA

which shows that U is equivariant for m|g.
From the definition of V it is also clear that V is invariant under 7| .
Moreover, for A\g € A and F € £°(A-ty) we have by Corollary B.2] that

U(W,\OUF) = U(W,\o Z WFC(F)W,\UO)
AeA

= U(Z Wpc(F o é\)\O)W)\O)\UO)
reA
=Fo aAO = 77#(/\0)F,

which shows that U is equivariant for | .

To see the invariance of ¥V and the equivariance of U under any a € A, we
will again use p,vy = vy. Indeed, using the A-invariance and A-equivariance,
we restrict ourselves to considering F' € .£°(By) C .£°(A-ty) and a € A.
Then
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160 3 Normal Abelian Subgroups and some Metabelian Groups

oV = 7TaTrFC(F‘)vO

Trc (F © é\a)ﬂ—apt;lvo

= Z Tpo (F o 9,1) T, p, wglﬂglvo
A4 —
:Ha-Bo Ta
= Z Trc (F © ea]la'Bo)ﬂ-nUO = UFo§a eV
neA —
=Fof,
by the definition of vy, the assumption F' € £*°(B,)), Corollary B2 the fact
that p,vy = vy, the definition of p, in [B.0), the conjugacy formula ([B.2) for a
and By, the substitution A = n~!, and the assumption that F' € £ (B,)
once more. Applying U now gives again

U(rngvp) =Fo éa =7 HF.

It follows that V is m-invariant and by irreducibility that V = H,. The
equivariant isometric embedding U: V — L7 (H) now extends uniquely to an
equivariant isomorphism between 7 and 7#. (|

We want to mention that the construction of an irreducible unitary rep-
resentation arising from an orbit A.t; with trivial centralizer as considered
above is a special case of the induced representation. Starting with the unitary
representation y, of H corresponding to ¢, € H, the representation * corre-
sponding to the Haar measure p on the orbit A-t; in the sense of Lemma [3.5]
is therefore also denoted by

7t = Ind% Xto-

We will not pursue this now, but will encounter the notion of induced repre-
sentation again in Section

We will upgrade Theorem [B.33]to a complete classification of unitary duals
of certain semi-direct product groups in Section
Exercise 3.22 (Other fields). Let K be a local field (that is, R, C, a finite extension

of Q,, for some prime p, or a finite extension of IF,,(t)) for some prime p). Extend the results
of Section [3:3:2] to describe the relationship between the unitary dual of K* and of the

affine group
_ ab «
o= {(2)[ocxrser)

Exercise 3.23 (The group Sol). Define the group Sol = R x R? as the matrix group

a 0 x; .
Sol = 0a! x, a>0,x=(1)€R2
00 1 2

Describe S/\ol, and prove that your description is complete.

Exercise 3.24. Prove Theorem [320] replacing the assumption ‘A has a discrete co-
compact subgroup’ by ‘A has a compact open subgroup’.
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3.3.4 The Heisenberg Group

We recall that the 3-dimensional Heisenberg group G is defined by

lzz
G= 0ly| |z,y,2z€eR
001

and that the multiplication is given by

lac lxz la+zc+z+ay
1b ly| = 1 b+y
1 1 1
for all
lac lxz
16, ly| eG.
1 1

More generally, for any d > 1 the (2d + 1)-dimensional Heisenberg group is
defined as the set G = R2%*+! whose elements we denote by

(a,b,¢), (z,y,2) € RT x R x R,
equipped with the multiplication
(a,b,C) : (.’L’,y,Z) = (a—f—x,b—f—y,c—i—z—i— <a7y>)

This coincides with matrix multiplication if (z,y, z) is identified with the
matrix

lay zg -2, =z
10---0
- € SL,12(R).
10 Yn—1
Ly,
1

We note that the centre of G is given by the subgroup

C(G) ={(0,0,2) | z € R}.

The Irreducible Representations

(O1d) We say that a unitary representation is an old representation of G if
the centre C(G) acts trivially. Since G/C(G) = R?4 is abelian, it follows that
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162 3 Normal Abelian Subgroups and some Metabelian Groups
any old irreducible representation of G is given by a character of
G/C(G) = R,

(New) We say that a unitary representation is a new representation of G
if the centre C(G) acts non-trivially. To construct the irreducible new repre-
sentations of G, we define the normal subgroup

H={0,y,2)|yeR),zeR} <G

corresponding to the ‘last column’ of the matrix group, and the ‘complemen-
tary group’
A=1{(a,0,0) | a € R} < G

so that once again G = AH 2 Ax H.

To apply the results of Section Bl we calculate the effect of the auto-
morphism 6, = 60,0 of H for all a € RZ. Indeed, for (0,y,2) € H we
have

9a((0,y,z)) = (a,0,0)(0,y, z)(—a,0,0)
= (av Y,z + <CL, y>)(_aa 0, 0)
= (Ovya z+ <CL, y>)

Using the standard basis of H = R%+! with the centre corresponding to the
last coordinate, the automorphism 6, has the matrix representation

;0
al)’

so the dual automorphism é\a on H = R4 has the matrix representation

Id G/t
01/
Now let £ € R* and define

toz <2> 6Rd+lgﬁ.

Then the A-orbit of ¢, is given by

wo={(9) ()

and gives rise via Lemmas and to an irreducible representation 7¢ of
the Heisenberg group.

aeRd} =R? x {¢} (3.11)
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Classification of the Unitary Dual

Theorem 3.25 (Stone-von Neumann(®)). Let d > 1. The unitary dual G
of the (2d + 1)-dimensional Heisenberg group consists of the old represen-
tations given by unitary characters on G/C(G) = R?? and the infinite-
dimensional new irreducible representations 7¢ for ¢ € RX. The represen-
tation w¢ for € € R* can also be defined for (z,y,z) € G by

(7)) (1) = ST £t 4 ga) (3.12)
for f € L*(RY) and t € R?.

PROOF. By the discussion above (relying on Lemmas and B.06), we al-
ready constructed the new representations and know that they are irreducible.
Moreover, it is clear that different £ € R* give rise to inequivalent irreducible
representations as ¢ is uniquely determined as being the character obtained
by restriction to the centre C(G).

Let m now be an arbitrary irreducible unitary representation of G. If 7|¢ (¢
is trivial, then 7 induces a representation of G/C(G) = R?? and so it is given
by a character of R2¢. Hence we may now assume that 7|c (@) is non-trivial.
By Corollary [L32] we have 7|¢(g) = xI for a unitary character x on C(G).
Since C(G) 2 R, we see that x is represented by a real number £ € R*. We
define the abelian subgroup H <1 G as above, and consider 7|g. Since the
subgroup C(G) C H corresponds to the last co-ordinate in H = R+ we
see that the maximal spectral measure p,,,, for 7|y satisfies

ﬂmax(ﬁ\(Rd X {5})) =0.

However, [3.11) shows that RYx {¢} = A-t, is a single orbit of the complemen-
tary subgroup A < G as above. Moreover, the stabilizer of ¢, in A is trivial.
Thus Theorem implies that 7 is isomorphic to 7# for the A-invariant
measure y on the orbit A-t.

We now identify the A-orbit A.t, = R? x {¢} with R? by sending the
element (t,£) € Aty to t. This implies the formula BI2) for x = 0. The

unitary operator wf; 0,0) for (x,0,0) € A is defined by

(7 0.0)F) (1:6) = F(0,(t,€)) = F((t +2£,9))

for f € Li(ﬁ) and (t,£) € A-ty. Under the isomorphism to L?(R9) this
becomes the formula (312) for (y,z) = (0,0). Putting these together gives
the description of 7¢ in the theorem. O

Exercise 3.26 (Other fields). Let K be a local field as in Exercise and let d > 1.
Extend Theorem [3:25] to describe the unitary dual G of the (2d+1)-dimensional Heisenberg
group G over K (which is defined by the same formulas, using elements in K24+1).
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164 3 Normal Abelian Subgroups and some Metabelian Groups

3.4 A Plancherel-type Theorem*

We wish to show here that it is quite straightforward to derive a Plancherel
type theorem for the concrete groups considered in SectionB3L(") Once again
we will not try to give the most general result of this type, but instead
try to give a convenient framework able to handle the isometry group in
Section B.3.1] the affine group in Section B.3.2] and the Heisenberg groups in
Section 334

We continue to assume that G = A x H is the semi-direct product of a
closed normal abelian subgroup H <1 G and a closed abelian subgroup A < G.
We assume in addition the following structure for the action of A < G on H
introduced in Section Bt

e There exists a measurable cross-section S C H such that
Ax S>3 (as)— aseASCH

is a measurable isomorphism, and m g (ﬁ\A-S) =0.

Exercise 3.27. Describe a choice of S for the isometry group in Section [3.3.1] the affine
group in Section 3332 the group Sol from Exercise [3.23] and the Heisenberg group in
Section 3341

For every s € S we use the isomorphism
AB@»—Mza-sEA-sQﬁ

to push the Haar measure m, to an A-invariant measure p, on A-s, which
then defines an irreducible unitary representation of G by Lemmas
and For the following it will be more convenient to instead define this
representation on L2(A) by the formulas

(mi.f)(a) = (h,a-s) [ (a),

(72 f) (@) = flag'a)
forallh € H, a,ay € A, and f € L(A).
Exercise 3.28. Show that 7% = 7Hs.
Proposition 3.29 (Plancherel). Let the semi-direct product G = A x H
and the cross-section S C H be as above. We let X = S x A and write s(-)
for the projection X — S onto the first coordinate. Then there exists a o-
finite measure v on X and an equivariant unitary isomorphism between the
regular representation X of G on L*(G) and the unitary representation m*
defined on L*(A x X,m4 X v) by

(ﬂ-}i(f) (CL, I) = <h7 a-s($)>f(a,:c),

(mﬁ )(a,x) = f(ao_la,:v)
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3.4 A Plancherel-type Theorem 165

for allh € H, a,ay € A, and f € L2(X).

We note that the description above should be thought of as an integral
decomposition

)\G%/ @) dp(z)
X

of the regular representation A“ into irreducible representations 7* for s € S,
where v plays the role of the spectral measure and the second factor A in X
creates multiplicity in the decomposition.

PrOOF OF PROPOSITION [3.20. Let my be the left Haar measure on G. Us-
ing the coordinate system ah € G for a € A and h € H, we may normalize
the Haar measures so that mg = m 4 x mpy in these coordinates (see Exer-

cise B30)).
Using the fact that mq is a product measure, we can apply the Plancherel
theorem (Theorem 2.15) for a given f € L?(G) and m 4-almost every a € A

and mg-almost every ¢t € H to define the partial transform f fby

fla,t) = | f(ah)(h,t)dmpg(h), (3.13)
which satisfies B

1N L2 ax im p ey = I 22(6)
(see Exercise B.3T)). Recalling that m 5 (ﬁ\A-S) =0 and

AxS>(a,s)—raseAS

is a bijection, we restrict in the following to elements ¢ € H of the form t = a-s
with a € A and s € S. For a;,a, € A and s € S we set

U(f)(alv S5 a2) = f(alaglv GQ'S)

where this is defined. For hy € H we then have

—~

U, )ar,s,a5) = (A f)(ara3”, ay5)

:/f(hglalaglh)<h,a2-s> dmp (h)

— [ £ 1, ()b aes) de 1)
—_—

=h

— [ £ )0, 1, (o)) g 1)

= (o,a105) [ Flayay W) (h.ases) dms (1)
= (ho, a1-5)U(f)(a1, s, 0a2)
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166 3 Normal Abelian Subgroups and some Metabelian Groups
and for ag € A we have
U()‘aGOf)(alv S, a2) = )‘aGOf(ala’2_17 a2'8)
— [ o a5 0 s azes) s (1)
=U(f)(ag ' ay, s, a5)

where defined. Now let X = 5 x A, define v to be the pull-back of the Haar
measure mg to S x A, and obtain

||U(f)||i2(A><S,mA><u) = /‘f(alaglva2'5)|2dmA(a1)dV(Sva2)
Z/‘f(a,a2-3)|2dmA(a) dv(s,as)
12
= ||f||L2(A><ﬁ,mA><m§) = ||f||%2(G)

for any f € L?(G), as required. O

Exercise 3.30. Verify that mg = m 4 X mpyg defines a left Haar measure on G = A x H.

Exercise 3.31. Verify that (313 defines a unitary isomorphism.

3.5 Metabelian Groups with Countable Separation of
Orbits*

In this section we summarize the framework we have been working with.
Moreover, we state and prove a description of the unitary dual of semi-direct
products of abelian groups under a necessary technical conditions that will
help us to avoid the existence of ergodic measures other than Haar measures
on orbits.

We assume once more that:

G is a locally compact, o-compact, metric group;

H <1 G is a closed normal abelian subgroup;

A < G is a closed abelian subgroup; and

the map H x A 3 (h,a) — ha € G is a homeomorphism of topological
spaces.

In other words, we assume that the semi-direct product G = A x H of two
abelian groups satisfies our standing assumptions. Moreover, we assume that:

e A and each of its quotients by closed subgroups has compact quotients
by discrete subgroups.
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3.5 Metabelian Groups with Countable Separation of Orbits 167

As we have seen in many examples before, we have two ways of constructing
irreducible unitary representations of G. Indeed, since G/H = A, we can lift
a character x € A to a character X € G. On the other hand, we can use
any A-invariant and ergodic measure p on H as in Section to define the
irreducible unitary representation 7 of G (see Lemmas and [3.6). The
correct way to combine these is to allow tensor products x ® m* defined by

x® 7 (ha) = x(a)7" (ha)
for ha € G on H, gnu = Li(ﬁ) as in Lemma [[.2§]

We now define the necessary technical condition that will help us to avoid
ergodic measures on H other than Haar measures on orbits.

Definition 3.32. Let A be a group and X a locally compact, o-compact,
metric space carrying an action of A. We say that the action has countable
separation of orbits if the U—algebraﬁ

B ={BeBy|a-B=DBforallac A}
is countably generated.

Theorem 3.33 (Semi-direct products with countable separation).
Let G = A x H be as above. Then every character x of A and every ty € H
gwes rise to an irreducible unitary representation x @, where p is the Haar
measure on the orbit A«ty C H. Assume now in addition that the A-action
on H has countable separation of orbits. Then any irreducible unitary repre-
sentation of G is isomorphic to a representation of this form. Finally, two
such representations x; ® 7't and xo ® T2 for x1,x2 € A and Haar mea-
sures iy, ko on A-orbits on H are isomorphic if and only if the following two
conditions hold true:

e 11y and py are multiples of each other, and hence are Haar measures on
the same orbit A«ty, and
e the characters agree when restricted to the stabilizer subgroup

StabA(to) = {a S A | a,'to = to},
in symbols X1|StabA(t0) = X2|StabA(t0)'

PROOF. Let t; € H and X € A. We define 1 as the push-forward of the Haar
measure on A/ Stab4(ty) under the orbit map

T We note that in ergodic theory this o-algebra is also important, and is often replaced by
a countably generated o-algebra that is equivalent to B;} modulo an A-invariant measure.
As we do not have a preferred measure on H and we wish to use B;} as a tool to exclude
ergodic measures other than Haar measures, the definition of B}‘} has to be taken literally
here.
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168 3 Normal Abelian Subgroups and some Metabelian Groups
a,Sta,bA(to) — az'to S X = A‘to,

and equip X with the topology on A/ Stab4(ty). By [24, Lem. 10.3] or [22]
Prop. 8.6], the action of A/Stab,(tg) on A/ Staby(ty) is ergodic with re-
spect to the Haar measure, which implies that p is A-invariant and ergodic.
By Lemmas and we obtain the irreducible unitary representation 7#
on G = A x H. By Lemma it follows that y ® w# is an irreducible
unitary representation of G. We also note that the restriction of xy ® w*
to H agrees with the restriction of 7* to H, and hence the spectral measure
of v € L2 (A-ty) is, in either case, given by [v|* dpu.
Suppose first that p; = uo = p is the Haar measure on X = A-t; and

X1 |StabA(t0) = X2|StabA(t0)-

We note that A-t; = A/Stab,(ty) and define the well-defined measurable
map

b 1 for x € HA\A.tO;
€Tr) =
(X2X1)(am) for x = a,-ty € A-tg.

This gives
x2(a) = b(@)xa (@)b(a ) !
for all a € A and x € A-t,. We use b to define the unitary operator

U=M,: L}(X) — L.(X).
It follows now for v € LZ(X) that

(M (x2 ® 7)) () = b(@)x1 (a)v(a™" )

and

(2 ® 7)o Myv) () = x2(a)b(a™ x)v(a ™" w2)

agree for p-almost every x € X. As M, commutes with 7#|y it follows
that M, gives an equivariant isomorphism between x; @ 7 and x, ® 7.

Suppose now that x; @ 7 and x, ® 72 are isomorphic, where x;, x2 € 4
and g, uy are Haar measures on A-orbits inside H as above. The remark
above concerning spectral measures implies that the orbits are equal, for
otherwise the spectral measures for the restriction to H would be mutually
singular. By uniqueness of Haar measures up to scalar multiples, we deduce
that p; and pgy are proportional. This allows us again to work with a Haar
measure g = iy = fip on A-ty. Hence we assume that there exists a unitary
operator

U: L2 (Aty) — L2 (Aty)
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that is equivariant for y; ® 7 and x, ® 7. As the restriction of these
agree with the multiplication representation M on L7 (A-t), it follows (as
a very special case) from Proposition that U equals the multiplication
operator M, for some measurable b: H — S*. For a € A and v € LZ(Aty),
the formula M, (x; ® ©*), My = (x2 ® 7*), shows that

b(w)x: (a) (7 (bv)) (2) = b(w)x1 (a)b(a™ " a)v(a™ ) = xo(a)v(a™ )

for p-almost every x € A-ty. As this holds for all v € L2 (A-t) we must have

X2(a) = b(@)x1 (a)b(a™ " -2) ™! (3.14)

for p-almost every © € A-ty. As A is abelian and p is the Haar measure
on A-ty, we know that we have a~!.z = x for a € Stab 4 (t,) and p-almost ev-
ery = € H. Therefore (314) implies that y(a) = x;(a) for all a € Stab 4(t,).

It remains to show that every irreducible unitary representation m of G is
isomorphic to a unitary representation of the form y®* for a character x € A
and the Haar measure p on a single A-orbit A-ty for some ¢, € H. Here we
have to use the assumption of countable separation of orbits for the action
of Aon H.

So let .« be a maximal spectral measure for 7|y, and let C C B}‘i‘l be a
countable algebra of A-invariant sets that generates the o-algebra B}% of A-
invariant sets on H. For any B € C we have a-B = B, and hence by the
conjugacy formula [3.2)) that I1g is equivariant for A. As it is defined by the
functional calculus for 7|y, it is also equivariant for H. This implies by Schur’s
lemma (Theorem [[229) that [Tg is 0 or I, or equivalently that py,..(B) =0
or umax(fl “B) = 0. Taking the countable intersection

X= () B

BecC,

Bmax (H~B)=0

we obtain an A-invariant set with umax(fl\X ) = 0. By the above, we
have X C B or X C H~B for any B € C. As C generates BI‘% by assumption,
this also holds for any A-invariant Borel set. For ¢, € X and B = Aty € BI‘%
this implies X C B and hence X = A.t; by invariance of X.

We define p as the Haar measure on A-ty; = A/ Stab,(ty), the closed
subgroup

T = (A-tg)
generated by the orbit X = A.t, C fAI, and its annihilator T+ < H. As
SUDD fiyax C Avtg € T,
it follows from the spectral theorem (Theorem 2.66]) that 7|, is trivial. As A

normalizes T', the same holds for 7" and hence T+ < G. Therefore we may
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170 3 Normal Abelian Subgroups and some Metabelian Groups
and will consider 7 as a unitary representation of
G/T+=Ax H/T+.

Moreover, as A is abelian, the stabilizer subgroup S = Stab4(ty) acts triv-
ially on A-ty and hence also on T and on its Pontryagin dual T~H /T+. In
other words S belongs to the centre of G/T+. By Corollary [L32} there exists
a character o on S such that w|g = x¢I. By Pontryagin duality (Proposi-
tion [2Z3T)(2)) the character yy on S extends to a character y on A. We define
the representation 7 = ¥ ® m, which is an irreducible unitary representation
by Lemmal[l:228 We note that 7°|g is trivial, and so 7° may be considered as a
representation of G/ST+ = A/S x H/T+. Writing Ay, = A/S, Hy = H/T",
and Gy = G/ST+ = A, x H,, we note that I/{B = T < H. Hence the
unchanged maximal spectral measure pi,,,, satisfies .« (H\O\Ao-to) = 0,

and the orbit map Ag 3 a+— a-tyg € Aty CT = L/IB is free. Therefore Theo-
rem [3.200 applies, and we deduce that 7° is isomorphic to 7*. Since 7 = Y@,
it follows that 7 is isomorphic to x ® 7# as claimed. O

The results in Section and this section are special cases of the Mackey
machine that can be used to calculate the unitary dual of semi-direct products
in many more cases.(®

3.5.1 The Unitary Dual of Isometry Groups

We indicate in this section via another class of examples how the general case
of the Mackey machine works. For this we let K C SO4(R) be a compact
subgroup, let H = R%, and define the semi-direct product

G:K[de:{CS}lL) ‘keK,heRd}.

Extending the case considered in Theorem [B.33] the correct way to con-
struct unitary representations of the semi-direct product G is to use a char-
acter ty € H, the K-invariant probability measure p on K-t (obtained as
the push-forward of the Haar measure on K), and an irreducible unitary
representation p of Ky = Stabg(tg) = {k € K | k-tg = ty}. We then first
combine x, and p (similarly to Lemma [[2]) to define an irreducible unitary
representation p ® x,, of Ky x H on H, by

P ® X, (kh) = (h,to)p(k).

Next one defines
m=nd% 1 (p @ Xz, ),
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where the measure 1 is used to define the Hilbert space structure on the
space ‘H, = IndK w i H,- This leads to a description of all elements of G.

To make these obJects less mysterious, we recommend assuming that K is
finite, as in this case the following exercise applies.

Exercise 3.34. Let G = A X H be as in_the beginning of Section B2 and assume in
addition that A is discrete. For some ty € H we define

Ag = Staby(tg) ={a € A | a-tqg =tg}
and suppose that p € ;XB We define 7 = IndgoxH(p ® Xt,) on
He = {U: A= H, | v(aag) = p(ag)1v(a) for all a € A,ay € Ay with llollg, < oo}
equipped with the Hilbert space norm

ol = > llv(@)l3

aAg€A/A

P

by (myv)(a) = v(b~ta) and (7v)(a) = (h,at)v(a) for all a,b € A, h € H, and v € H,,.

(a) Show that 7 is a unitary representation of G on H,.

(b) Show that the spectral multiplicity of 7| is dimH,.

(c¢) Show that = is irreducible.

(d) Assume now that the A-action on H has countable separation of orbits. Show that the
construction above gives rise to all irreducible representations of G' (up to isomorphism).
(e) Show that the A-action on H has countable separation of orbits if A is finite.

3.6 Two More Groups With Unreasonable Unitary
Duals*

3.6.1 The Discrete Heisenberg Group

The (3-dimensional) discrete Heisenberg group is defined by

lac
G = 01b a,b,c € Z
001

We will show that despite GG being nilpotent, and hence as close as possible
to being abelian without being abelian, its unitary dual is quite wild and has
no simple description.

As in Section [3.34] we will again use the notation (a,b,c) € Z3 for the
matrices in G and the subgroups

C(G)={(0,0,¢) | ce Z},
H={hy.=(0,b,c)|bcel},
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172 3 Normal Abelian Subgroups and some Metabelian Groups
and
A={9,=(a,0,0)|a€Z}.

Let us begin with the by now obvious candidates for irreducible unitary
representations:

e old representations defined by characters on G/C(G) = Z2,

e new representations arising from A-orbits on H =~ T2, and

e new representations arising from A-invariant and ergodic probability
measures on T2.

We now explain the sense in which the second type is itself ‘unreasonable’
and how to modify the third type to also give rise to an ‘unreasonably large
collection’ of irreducible unitary representations.

By the same calculation as in Section B.3.4] the dual automorphisms cor-
responding to elements of A = Z on T? are defined by powers of the matrix

M: 5(11070) = <(1) 1) : T2 > <§> — <x_§|_€) S Tz.

Fixing some ¢ € T~{0}, noting that X = T x {£} 2 T is invariant under M,
and recalling that the A-action defined in (81]) uses 9(7111070), we therefore need
to study the rotation map

R;:Tozx+—x—-E€T.

For £ € Q/Z every orbit under this map is finite. However, for an irrational £
the orbit of every x, € T is free, and given by xy + Z¢ C T. Hence each such
orbit gives rise to an irreducible unitary representation. What is unreasonable
about this? After taking into account possible isomorphisms of irreducible
representations, the irreducible unitary representations arising from ¢ and
orbits of A on H are in one-to-one correspondence with elements of the
quotient T/ZE. Since Z¢ is a dense subgroup of T for every irrational &, the
quotient T/Z¢ is ‘unreasonable’ because (for example) any cross-section S
(that is, a unique choice of representative x for each coset zq+ Z¢& C T, and
hence for its associated irreducible unitary representation of G) is necessarily
non-measurable.

We now move on to the third type in the list above, namely irreducible
unitary representations arising from A-invariant and ergodic probability mea-
sures. Unlike the discussion of the solvable discrete group in Section B21
the A-invariant and ergodic probability measures on H = T? are not at all
complicatedﬂ If ¢ is rational, every orbit on T x {£} is finite and the nor-
malized Dirac measure on the orbit is an A-invariant and ergodic probability

T The set of quasi-invariant measures (see Lemmal[34), on the other hand, is more compli-
cated. Nonetheless, even by restricting to invariant probability measures, we can construct
many irreducible representations of G.
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measure on T x {£} C T2. If, on the other hand, ¢ is irrational, then the
Lebesgue measure on T x {£} is the only A-invariant and ergodic probability
measure on T x {¢} C T?. However, we have only scratched the surface of the
possible constructions of irreducible unitary representations. In particular,
the following exercises will show that a generalization of Theorem [B.20] from
measures on orbits to ergodic probability measures is not at all pos31ble.

In fact, we can use an irrational £ € T, Lebesgue measure pon X = Tx{{},
and a measurable map (called a cocycle) c: Ax X — S! satisfying the cocycle
equation

c(aras, ) = c(ay, r)c(ay, a tox) (3.15)

for all a;,a, € A and almost all z € X to define a unitary representation 7#¢
by
(i g ) (@) = T, ) f(a o)

for a,b,c € Z, f € Li(X), and z € X. We note that in the case that the
cocycle ¢: A x X — S! does not depend on the point in X, the property
in ([3.I5) becomes the defining equation for a homomorphism from A to S*.
We will call a cocycle arising from a homomorphism a constant cocycle.

Exercise 3.35 (Unitarity and irreducibility).

(a) Generalize Proposition to allow for measurable cocycles, while assuming that the
group is discrete.

(b) Formulate and prove a generalization of Lemma to allow for measurable cocycles
(assuming that A is discrete).

(c) Generalize Lemma [3:6] to allow measurable cocycles.

What makes these methods for producing irreducible unitary represen-
tations more difficult to understand are the questions that arise regarding
equivalence of the resulting representations.

Exercise 3.36 (Coboundaries). Let G be the discrete Heisenberg group as above. Let p
be an A-invariant o-finite measure on H let d > 1, and let ¢j,co: A X H — S! be two
cocycles (that is, measurable maps satisfying (m» Show that the unitary representa-
tions 71 and 7# 2 are unitarily equivalent if and only if there is a measurable map

b: H—S'
(a coboundary) satisfying the coboundary equation
cola, ) = b(z)cq (a, z)b(a™tex) 71 (3.16)
for all @ € A and p-almost every = € H.

In a way, b as in the exercise above corresponds to a point-dependent co-
ordinate change in C. Cocycles related by ([B.18) are said to be cohomologous.

The following exercise now shows that cocycles can be used for the discrete
Heisenberg group to define additional irreducible unitary representations.

Exercise 3.37 (Constant cocycles and irreducible representations). Let G be the
discrete Heisenberg group as above, let £ € T be irrational, and let o € TNZE. Then the
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~

Lebesgue measure  on X = T x {¢} C T? = H and the constant cocycle ¢, defined
by ca((a,0,0),z) = e?™% for & € X define an irreducible unitary representation m&<
that is not unitarily equivalent to the irreducible unitary representation 7# defined by the
Lebesgue measure p on T x {¢} alone. Indeed, two representations 761 and 72 defined
as above by homomorphisms and aq, a9 € T are unitarily equivalent if and only if oy — oy
is an integer multiple of &.

Notice that the exercise above shows that G contains ‘another copy of the
unreasonable quotient’ T/Z¢ for every irrational £ € T that arise not from
orbits but from twisting the representation 7# by constant cocycles.

3.6.2 The Mautner Group

The examples considered so far, and in particular those in Sections [3.2.1]
and B.6.I] may give the impression that only discrete groups have unrea-
sonably complicated unitary duals, while connected groups have better be-
haviour. To see that this is not the case, we consider here the connected
group G = Gyrautner KNOWN as the Mautner group.

To define the Mautner group, we first recall the isometry group

G2 == 802 (R) X R2
of the plane considered in Section B.3.1] and define
G4 - G2 X G2 = TQ X (R2)2.

We now let A < T? be an immersed subgroup isomorphic to R and define
the Mautner group by Gypautner = 4 X (R?)2.

By this stage we expect that the description of G (or our inability to give
a description of it) has to do with the action of A on H for H = (R2)2. For

the vector
()<

the T2-orbit is free and is given by X = T2.t, = S! x S'. The restriction
of the A-action to X is isomorphic to the translation action of the dense
subgroup A on T2. In particular, we can:

e use every coset in T?/A (equivalently, every A-orbit in X) to obtain an
irreducible unitary representation of G,

e use the Haar measure on T? pushed down to an A-invariant and ergodic
probability measure on X to obtain another irreducible unitary represen-
tation 7 of G, or

e make use of (continuous or, with a bit more effort, measurable) unitary
cocycles c: A x X — S for the A-action on X, together with the ergodic
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probability measure p, to obtain irreducible unitary representations m#©
of G.

In particular, the first and (due to a generalization of Exercise B3T, also
the) third type again give rise to an unreasonable set of irreducible unitary
representations.

3.7 Summary and Outlook

Our discussions regarding the interplay between 7|z and the G-action on H
for a normal abelian subgroup H <1 G in Section 3] will be important in, for
example, Chapter [7l R

The complete description of G for some concrete metabelian groups will
provide interesting examples for the discussion of the Fell topology in the next
chapter. The reader interested in pursuing the so-called Mackey machine in
full strength may consult Folland [27].
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