Chapter 5
Compact Groups

In this chapter we will obtain fundamental results concerning all unitary
representations of compact groups. We will assume implicitly that the group
considered is metric as well and simply refer to it as the compact group G.
As we will see, the description of general unitary representations in terms
of irreducible representations is easier from the analytic point of view than
in the abelian case, due to complete reducibility of unitary representations
into irreducible representations. However, from an algebraic point of view
the discussions here are harder, since the irreducible representations can be of
any finite dimension instead of just one-dimensional. For convenience, we will
assume throughout the chapter that the Haar measure m on G is normalized
to satisfy m(G) = 1. We recall that any compact group is unimodular (see
Exercise [[LT4(a) and its hint on p. @7T3).

We begin the chapter, however, by discussing two fundamental construc-
tions for unitary representations that are particularly important for compact
groups.

5.1 The Contragredient Representation

For the first construction, recall from the Fréchet—Riesz representation theo-
rem that any Hilbert space # is isometrically isomorphic to its dual H'. How-
ever, this canonical isomorphism sending w € H to the map w': v — (v, w)
in #' is semi-linear over C, and so in particular is not an isomorphism of com-
plex Hilbert spaces. Transporting a unitary representation 7 via this semi-
linear isomorphism to the dual H. may therefore create a representation not
unitarily isomorphic to .

Definition 5.1 (Contragredient). For a Hilbert space H the dual # may
be endowed with the inner product

<vl,w/>H/ = (v,w)4, = (w,v)y (5.1)
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218 5 Compact Groups

for any v, w € H and this inner product induces the operator norm on H_.. For
a unitary representation m of G on H, the contragredient representation T

is defined as the unitary representation on H= = H.. induced by the dual
operators. That is,

for v' € H.. and g € G.

Let us make a few comments that should help the reader to become familiar
with this construction, which may be confusing at first sight.

We verify that 7 is as claimed a unitary representation. First, it is easy to
see that ., is again a (complex) Hilbert space. For example, by (&),

(v, w'>H/ = (w,v)4

depends linearly on v’ € H.. and semi-linearly on w’ € H.. by semi-linearity
of the isomorphism.
For the representation 7 we first note that for ¢ € G and v' € #' the linear

functional 7, (W) =72"o 7rg_1 sends any w € H to

v/(wgl(w)) = <7r;1w,v>H = <w,7rgv>%r = (ng)/(w),

™

which shows that 7, (v") = (m,v)’, in other words the diagram

T
Hedv—"= mveH,

l !

/ / ™ — / /
He v —— T e H,
commutes. From this, we see that

T (a1 v) + apvy) =7, (A7) + agvy)")
7, (O vy + Tvy))’

_ I — I — I
QI U1 + Qo Us) = QT U] + QT s

=(
= (
for any oy, oy € C and v}, vy € H... Similarly, we have

170l = 1(mgv) 3, = lImgollae, = llvllae, = 0]l

for all v € H and g € G, which shows that 7, is unitary for all g € G. The
homomorphism property and the continuity requirement follow in the same
way from the respective properties of 7.

Next we calculate the matrix coefficient
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5.1 The Contragredient Representation 219

<Pj'7w/(9) = <7gvla wl>'H; = <(7Tgv)/7w/>H’

™

= <w,7rgv>?_[7r = <7rgv,w>?_[7r =powl(g) (5.2

of v',w' € H. at g € G, and obtain the conjugate of the matrix coefficient
of v,w € H,. In particular, if the operator 7, is described by a matrix with
respect to some orthonormal basis of #, then 7, is described by the complex
conjugate of the same matrix with respect to the dual basis of H'.

In the special case of a one-dimensional unitary representation defined
by a unitary character y on G, this shows that the contragredient is the
unitary representation defined by the complex conjugate character Y on G.
If x does not have purely real values then y is not isomorphic to X as a
unitary representation.

We remark that 7 is irreducible if and only if 7 is, since there is a semi-
linear equivariant isomorphism v — v’ between 7 and 7.

Exercise 5.2. (a) Show that the contragredient of the left-regular representation is iso-
morphic to the left-regular representation.

(b) Give a sufficient criterion for a general unitary representation 7 to be isomorphic to
its contragredient 7, that in particular applies to (a).

Exercise 5.3. Let G be abelian as in Chapter [2] and let © be a unitary representation
of G. Apply the spectral theorem (Corollary [ZI2] or the more refined Theorem [265)) to .
Describe the contragredient of 7 in terms of the data arising in the spectral theorem.

Exercise 5.4. (a) Calculate the contragredient representation of all elements of G for the
group G = SO (R) x R? as in Section F311

(b) Repeat this for the affine ‘ax + b’ group in Section

(c) Repeat this for the Heisenberg group in Section B34

5.1.1 Continuity

We now prove continuity of the ‘contragredient map’ with respect to the Fell
topology.

Proposition 5.5 (Continuity of contragredient). The contragredient
map defined by
U(G)d>snr—TEUG)

is continuous with respect to the Fell topology on % (G).

PRrROOF. We note that for any ¢ € ’Pl(G), compact K C G, € > 0, unitary
representation m € % (G), and unit vector v € H, we have

Pl =0 € CO(¢, K, e)

if and only if pp. € CO(¢, K, ¢), which implies that the image of FOing (0, K, €)
is precisely F0y;aq (0, K, €). O
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220 5 Compact Groups

Exercise 5.6. Prove Proposition using the principal Fell open sets J0(f,«) for all
values o € R and f € L' (G).

5.2 The Tensor Product Representation

The second construction we wish to present is the definition of the ten-
sor product of two representations, which will include the definition in
Lemma [I.20) as a very special case.

5.2.1 Basic Construction and Properties

In the following, we let ¥ and W denote two separable Hilbert spaces.

Proposition 5.7 (Tensor product). There exists a Hilbert space V @ W
together with a bilinear map V x W 3 (v,w) v @w € VW such that for
all v,v1,v9 € V and w, wy,wy € W we have

(1) (v1 ® Wy, V9 @ Wa)ygyy = (U1, Va)y, (Wi, Wa)yy,
2) lv@wllvew = llvlvlwlw, and
B){vew|veV,we W} spans a dense subspace of V @ W.

Moreover, the subspace spanned by {v®@ w | v € V,w € W} is isomorphic to
the tensor product in the sense of linear algebra V ®,, W, the map

VW3 (v,w) — vQ@w
is continuous, and the tensor product ¥V @ W is separable.

Recall that the tensor product in the sense of linear algebra, written
as V ®p, W, of the complex vector spaces V and W is defined as the uni-
versal vector space together with the bilinear map

VW3 vw)—ovweV, W
with the property that for any other bilinear map
B:VxW5>3 (v,w) — Bv,w) € Z
with values in another complex vector space Z there is a unique linear map
L: Ve, W—Z

such that B(v,w) = L(v ® w) for all (v,w) € ¥V x W. Moreover, we recall
that V ®;, W can be constructed by taking the formal linear hull of all pure
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5.2 The Tensor Product Representation 221

tensors v ® w and taking the quotient by the subspace generated by the
necessary relations to enforce bilinearity of the map

VW3 (v,w)—ov@weV Q, W;

we refer to Hungerford [34], Sec. IV.5] for the details and the general setting of
tensor products of modules. We will use this construction to give a canonical
definition of the inner product on V®;, W, and define V@W as its completion.
After the following abstract and coordinate-free construction, we will discuss
a more concrete viewpoint in Corollary

PROOF OF PROPOSITION [B.71 We want to define ¥V ® W as the completion
of the tensor product in the sense of linear algebra V ®, W with respect to
some inner product, which we now construct.

Fix some v; € V and wy; € W. Then the map

VxW3 (v,w) — (v,01) (w,w;) € C

is bilinear, and so by the universal property of the tensor product there exists
a unique linear functional L, )1 V ®1a W St Ly, ) (t) € C with

Lw, wy) (v @ w) = (v,v1) (w,wy) (5.3)

for allv € V and w e W.

We now take the conjugate and note that the expression L, ,)(t) de-
pends bilinearly on (vy,w;) for any fixed ¢t € V ®;, W. Indeed, for a pure
tensor ¢ = v ® w this follows from (B3], and the general case follows by
taking sums of pure tensors. In other words, V x W 3 (vy,wy) = Ly, w,) i8
bilinear and has values in the complex vector space

Z={S:V®,W — C|S is semi-linear}.

By the universal property of the tensor product, it follows that there exists
a linear map I,: V ®, W — Z with I,(v; ® wy) = Ly, ,) and so, by ([G.3)),

I, (vy @ wy)(vy @ wa) = Ly, 4y (V2, Wa) = (v, vg) (w1, wo)

for all vy,vy € V and wy,wy € W.
We claim that

(ti,to)e = L(t)(t2)

defines an inner product for tensors t;,t, € V ®;, W, which will allow us to
define V®W as its completion. From the construction (and in particular, from
the definition of Z), it is clear that I,,(t;)(t,) depends linearly on t; € V@, W
and semi-linearly on t, € V ® W. For the conjugate symmetry we note that
for pure tensors v; ® wy, vy ® wy € V @1, W we have

I (v1 @ wy)(vy ®@ wy) = (va,v1) (wa, wy) = I,(vy ® wy)(vy @ wy).
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222 5 Compact Groups

By sesqui-linearity, this extends to the identity

(tita)g = Lp(t1)(t2) = I (t2)(t1) = (2, t1) g

for all tensors t1,t, € V@, W= (v@w|veV,weW).
For definiteness, let t € V ®1, W be non-zero and write ¢t as a sum

tZZ’Ug@wg
4

for some vy,...,v; € V, and wy,...,w;, € W. Now choose an orthonor-
mal basis (eq,...,ey) of (v, | £ =1,...,L)c € V and an orthonormal ba-
sis (f1,...,fg) of (wp | €=1,...,L)c C W for some J, K € N. Expressing
each v, (resp. wy) in terms of this orthonormal basis, putting these into the
expression for ¢, and expanding bilinearly, we obtain

t= th,kej & fk

Jik
with ¢, € Cfor 1 < j < Jand 1 <k < K. If all of these coefficients
vanish, then clearly t = If not, we use sesqui-linearity and the construction

of (-, ->® to obtain

<t’t>® = Z tjlakltj2)k2 <ej1 ® fkl’ej2 ® fk2>®

J1skq
J2.ko

= Z tJ1 kq 32»k2< J1’ J2> fk1’fk2 Z'tﬂkl > 0.

a1oky
Jgsko
Having shown that (-, -) o is an inner product on V ®;, W, we define V@ W
as the completion of V®, W with respect to the norm |- |5 induced by (-, -)
This shows the existence.
To see that the properties of V®@ W imply that (v @ w | v € V,w € W) is
isomorphic to V ®;, W, note that the universal property of V ®;, W applied
to the bilinear map ®: V x W — V ® W provides a linear map

L: V@, W= (vow|veV,weW)

with L(v®w) = v ® w, which is an isometric bijection when V ®;, W is given
the inner product (- constructed above. (This also implies uniqueness;
see Exercise [5.8])

It remains to show continuity of the tensor product map, since this will
then imply that {v @ w | v € V,w € W} is separable, and hence its closed
linear hull V® W is also separable. So suppose that v,, — v in V and w,, — w
in W as n — oo. Then

7'>®
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5.2 The Tensor Product Representation 223

v, ® w, —v Qg < v, @ w, —v @ wylg + lv@w, —vRwWg
= [lvn = ollllwnll + l[olllw, = w]| — 0

as n — 00, as required. ([l

Exercise 5.8. Show that the properties (1) to (3) in Proposition [5.7] uniquely deter-
mine V ® W up to isomorphism.

Exercise 5.9. (a) Let vy,v9 € V be linearly independent and wy,w, € W be linearly
independent. Show that an element of the form v; ® wy + vo ® wy is not of the form v ® w
for any v € V and w € W.

(b) Show that V®W' is canonically isomorphic to the space HS(W, V) of Hilbert-Schmidt
operators from W to V (see |21}, Ex. 6.53]).

(c) Show that if both V and W are infinite dimensional, then V ®;, W is a proper subspace
of V@W.

Corollary 5.10 (Tensor products of Lz-spaces). Let p and v be locally
finite measures on X respectively on Y. Then the tensor product

LX) @ Ly(Y)

is canonically isomorphic to LiXU(X xY). Under this isomorphism the ten-
sor product fx ® fy of fx € LZ(X) and fy € L,%(Y) corresponds to the

function fx @ fy(x,y) = fx(@)fy(y) for (z,y) € X x Y. Moreover, for
closed subspaces V C Li(X) and W C L2(Y) the tensor product V @ W is

canonically isomorphic to the closed subspace of LiXU(X x YY) generated by
elements fx @ fy for fx €V and fy € W.

In particular, given bases (e; | j € J) and (fy | k € K) of separable Hilbert
spaces V and W respectively, with J, K C N, we obtain an isomorphism

VoW = r*(J)e A(K) =03(J x K).

In other words, the family (e; ® f | j € J,k € K) forms an orthonormal
basis of V @ W.

PROOF. Let B: L(X) x L2(Y) — Li,.,(X x Y) be defined by

B(fx, fy)(=,y) = fx (@) fy(y)

for fx € Li(X), fy € L2(Y) and (x,y) € X x Y. By Fubini’s theorem we
have B(fx, fy) € Lix:z(X xY) and || B(fx, fy)ll2 = [l fxll2ll fy ll2- Since B

is bilinear, it induces a linear map
10 Lo(X) @1, L2(Y) — L (X X Y)

with o(fx ® fy) = B(fx, fy) for all fx € L% (X) and fy € L. (Y). Moreover,
by Proposition 5.7 and Fubini’s theorem again, we have
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224 5 Compact Groups

<fX ® fY7J?)/( ® };>® = <fX7J?)/(> <fY7J?1;>

:Lmﬁwﬂhﬁw

- / Fx @) fy @) Tx @) fy () duz) du(y)
XxXY

= (fx @ f)lfx © fv))

L2 (X xY)
for all fx,g( € LZ(X) and fy,f): € L2(Y). For any tensor
te Li(X) @, LI(Y)

we write t = ), v, ® w, and use the above to obtain

<t7t>® = Z <Ufl ®w2177}22 ® ’U}g2>®
€1>€2

- Z <Z(’Ugl ®wgl),z(v22 ®we2)>Lixu(XxY) = <z(t),z(t)>LiXV(XXy).
€17€2

Thus ¢ is an isometry and it extends from Li(X ) @1 L2(Y) to its comple-
tion LZ(X )®LZ(Y). Since the image of the unique extension is complete, and
contains all characteristic functions of the form 1p ., for finite measure
sets By C X and By C Y, it follows that ¢ is an isomorphism.

The argument above also applies to closed subspaces ¥V and W of Li(X )
and L?,(Y) respectively, and defines an isomorphism between V ® W and a
closed subspace of LiXV(X xY).

Recalling that ¢%(J) for a finite or countably infinite index set J is equal
to L*(J) with respect to the counting measure, the final claim follows from
the above. ]

With the exception of not being canonical, the final claim in Corollary 510l
gives a convenient way of thinking about the tensor product of Hilbert spaces.
Fix a basis (e; | j € J) of V and a basis (f;, | k € K) of W for some finite
or countable index sets J and K. Then let us write e; ® f;, for the basis
vector in £%(J x K) corresponding to the index (j, k) € J x K. This gives the
identification

Vaw=E() e (K) = 4] x K),

and for v =37, aje; and w = 7, By, fi the tensor product map
VR W = Zoz]ﬂkej ® fi- (5.4)
g,k

Exercise 5.11. Show that for convergent series v = ijzl v, in V and w = Zzozl w,

in W, we have that v @ w = > v_, 3> v, ® w,, converges also.
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5.2 The Tensor Product Representation 225

Corollary 5.12 (Tensor operators). Let A: V — V and B: W — W be
bounded operators. Then there exists a uniquely determined bounded operator

ARB: VAW VW
with

A®Bv®w)=Av® Bw (5.5)
forveV and w e W. Moreover,

b ”A ® B”op = ”A”op”B”op;

e (A® B)" = A" ® BY;

e if A and B are self-adjoint, then A ® B is self-adjoint;
e if A and B are unitary, then A ® B is unitary; and

e (A® B)(A' ® B') = (AA") ® (BB)

for bounded operators A':V —V and B": W — W.

PROOF. Let (f},) be a basis of W, where we implicitly let k& run over all k € N
with £ < dim W. We define

ARI:VOW — VW
by using the isomorphisnﬂ

VIS () — Y nofie PVofii=Vvew (5.6)
k k

and applying A in each component. More formally, we use the isomorphism
in (5.6) and its inverse to make the definition

(A®I)(ka ® fr) = Z(Avk) ® fr

k k

for any sequence (v,) € V™" with S llvell® < oo. We claim that this
indeed defines a bounded operator satisfying [|A® I||,, = [|A[lop- In fact, for
any t =5, v ® fr, € V® W we have

lAe D =Y () @ ka;
k
= Z (| (Avy) ® ka%@

k
2 2 2 2 2
= D 14w l® < AN Y lowll* = AN, e,
k k

T To see that this is indeed an isomorphism, choose a basis of V and use the last statement
of Corollary 5101
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226 5 Compact Groups
which gives ||A® I||,, < [|Allop- Together with

sup  [[(A@ e fi)le= suw [Av] = [Alop

veV,[lvlI<1 veV,|lv]I<1

for any k, we in fact obtain [|A® I|p, = [|Allop-
By continuity of A®I and bilinearity and continuity of the tensor product,
we also have
AI(wew) =) BARDWE f)=Avew (5.7)
—_—
g (Av& i)
forveVand w=73", B fr € W.

Given another bounded operator B: W — W we define I ® B similarly,
also satisfying || ® B|| = || B|| and the relation

(I®B)(vew)=v® Bw
for all v € V and w € W. Using (1) and the latter identity we obtain
(A (I®B)=(I®B)(A®]I),
which suggests the definition
A®B=(A®I)(I® B),

satisfying (5. The remaining properties we leave as an exercise. |

Essential Exercise 5.13. Prove the remaining properties of A ® B claimed
in Corollary B.12

Proposition 5.14 (Outer tensor product). Given unitary representa-
tions ™ of G and p of H, there exists a unitary representation t®p of G x H,
called the outer or Kronecker tensor product representation, on the tensor
product H, @ H, with the property that

<(7T ® p)(g,h) (V1 @ Wy ), V5 @ w2> = <7TgU17U2> (Ppwi, wa) (5.8)
Jorallge G, he H, vi,vy € Hy, and wy,wy € H,.

Proor. We define (7 ® p)gn) = 7y @ p, for g € G and h € H, which
satisfies (B.8]) due to the definition of 7, ® p;, in (G.5) and the definition
of the tensor product in Proposition .7 Moreover, Corollary also im-
plies that (7 ® p),p) is unitary for all (g,h) € G x H and that 7 @ p
is a homomorphism. It remains to prove continuity, where we will apply
Lemma [ for D = {v®@w | v € V,w € W}. So assume v € V and w € W.
Then G 3 g 7o € Vand H 3 h — p,w € W are continuous by assump-
tion, and
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5.2 The Tensor Product Representation 227
G x H 3 (g,h) — (1, p) (0 © W) = 70 @ pyw

is therefore continuous by Proposition 5.7l This shows the continuity of the
representation. (I

Exercise 5.15 (Tensor product of cyclic representations). Let 7 be a cyclic rep-
resentation of G with generator vg € H, and let p be a cyclic representation of H with
generator wy € H,. Show that vy ® wg € H, ® H,, is a generator for 7 ® p.

In the case of G = H we define the inner tensor representation © @ p of G
by
(T @ p)g =75 © pg (5.9)

for all ¢ € G. We will always make clear whether we are dealing with an
inner or an outer tensor product. This concludes the material required for
the discussion of unitary representations of compact groups.

Exercise 5.16. Let K C G be a compact subset. Show that the linear hull of all diag-
onal and non-diagonal matrix coefficients of all irreducible unitary representations of G
restricted to K spans a dense subspace of C(K).

Exercise 5.17. Let G and H be abelian groups as in Chapter @l Let 7 be a unitary
representation of G, and let p be a unitary representation of H.

(a) Describe the spectral measure of v ® w for v € H, and w € H, with respect to the
outer tensor product representation 7 ® p of G X H on H, ® H, in terms of the spectral
measures of v and w.

(b) Assume that G = H and repeat the above for the inner tensor product representation.

Exercise 5.18. (a) Let G = SO5(R) x R? be the isometry group of the plane as in Sec-
tion B3.11 Let m,p € é be irreducible unitary representations. Describe when the inner
tensor product representation 7 ® p is again irreducible, and describe the support of 7 ® p.
(b) Repeat the above for the ‘az + b’ group in Section

(c) Repeat the above for the Heisenberg group in Section [3:3.4]

5.2.2 Irreducibility of Outer Tensor Products

Proposition 5.19 (Irreducibility of tensor products). Given irreducible
unitary representations ™ of G and p of H, the outer tensor product repre-
sentation ™ @ p of G X H on H, ® H, is again irreducible.

The following lemma, which is based on Schur’s lemma, will be essential
for the proof.

Lemma 5.20. Let w be an irreducible unitary representation of G and W a
Hilbert space. Suppose that T € B(H, ® W) is equivariant for the represen-
tation ™ @ I of G defined by (n®@ 1), =1, @1 for g€ G. Then T =1® B
for some B € B(W).
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228 5 Compact Groups

PROOF. We fix a basis (f;,) of W, and will again use the unitary isomorphism

He@W=PH, ® fr 2H™. (5.10)
k

By the properties of tensor operators in Corollary (.12 this isomorphism is
also equivariant between 7 ® I and 75™" on HI™W . For an index k € N
with k£ < dim W, we write

g Hy Dvr— v fre H, QW
for the equivariant embedding into the kth subspace H, ® f, C H,. W, and

Pk:HW(X)WBt:ZW@feHUk
4

for the equivariant projection.
For T € B(H, ® W) as in the lemma and indices k,¢ < dim W we then
have an equivariant operator

Tk,ZZPkOTOZZ:HTrHva

which by Schur’s lemma (Theorem [[.27) must equal by ,I for some by , € C,
where I denotes the identity on H,. For a unit vector v € H, and the basis
vector f,, this shows that

T(v® fi) = Zpk (v® f1)) ®f (5.11)
=T} ¢ (v)

=> v @ (byefr)
k
:U®Zbk,€fk' (512)
k

In fact the sum in (E1]) over k& € N converges due to the unitary isomorphism

in (5I0), and (512) follows since
Woswr—ovwev®W (5.13)

is an isometry.

Said differently, the above shows that T'(v @ W) C v @ W for any unit
vector v € H .. Using the isometry in (5.I3) and its inverse, it follows that
there exists a bounded operator B, € B(W) with

Tv®w)=v® B,w (5.14)

for all w € W.
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5.2 The Tensor Product Representation 229

Let ey, ey, -+ € H, be an orthonormal basis, let j, k < dim H, with j # k
be two indices, and define v = %(ej + e;,). Then for w € W we have

ej @B w+e,®B, w="T(e; ®w+ e, ®w)
—_———
= J5(e; + ) ® By(V2uw)
=€; ® B,(w) + €, ® B, (w),

which implies that B = Bej = B,, is independent of the basis vector. Using
the fact that the linear hull of the subspaces e; ® W for j < dimH . is dense
and T is bounded, we obtain T'= I ® B. O

With this lemma, we are ready to prove the proposition.

PrROOF OF PROPOSITION E.T9. Suppose that 7' € B(H, ® H,,) is equivari-
ant for the unitary representation 7 ® p of G x H. Restricting the unitary
representation to G, we may apply Lemma and obtain T =1 ® B for a
bounded operator B on H,. Similarly, we obtain T'= A ® I for a bounded
operator A on H,.. We claim that this implies T = sI for some s € C. Ap-
plying this to the equivariant projection operator A = P), corresponding to a
closed m ® p-invariant subspace V C H, ® H,, it follows that either V = {0}
or V="H,®%H,and so 7 ® p is irreducible.

To see the claim, suppose first that v € H, and w € H, are unit vectors
and extend these to orthonormal bases (e;) of H, with e; = v and (fy)
of H, with f; = w. By the last claim in Corollary the vectors e; @ fj,
for (j, k) € J x K form an orthonormal basis of H, ® H,. Let (j,k) # (1,1).
If j # 1 then we use T'= I ® B to obtain

<T(U®w)7ej ®fk> = <U®Bw7ej ®.fk> = <U7ej><Bwvfk> =0.
=0

Similarly, if k # 1 then we use T = A®]I to obtain that T(v®w) is orthogonal
to e; ® fi. As this holds for any (j,k) # (1,1) it follows that

T(v®@w) = 5,,0Qw

for some s, , € C depending on the unit vectors v € H, and w € H,.
Let us now fix an orthonormal basis e;,es,... of H,. and an orthonormal
basis f1, fa,... of H,. By the above, there exists for every pair (j, k) of indices
some s, € C with T'(e; ® f},) = 5, 1¢; ® fi. Using also v = %(ej +e;) for

a second index j' < dim A, we obtain

$j k€ ® frts;pe; ® fir = \/ﬁT(%(ej +e;) ®fk) = Sy, (€j1€)® fr
—_——

v
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which implies that s;, = S, = S 1s independent of the first index. The
argument for the second index is similar. Hence T'(e; ® f;) = se; ® fj, for a
fixed s € C and any pair (j,k) of indices. Since the vectors e; ® f, for all
pairs (4, k) form a basis, it follows that T = sI, as claimed. |

The converse to Proposition [5.19 does not hold for all pairs of groups, but
does hold if at least one of the two groups is somewhat reasonable (the groups
with unreasonable unitary dual considered in ChapterBlare also unreasonable
in this sense).

Proposition 5.21 (Partial characterization for products). Let T be an
irreducible unitary representation of Gx H. Suppose that there exists a unitary
representation m € G and K € NU{oo} such that for the restriction of T to G
we have H, = ’Hf, Then there exists an irreducible representation p € H so
that T is isomorphic to the outer tensor product representation ™ ® p.

PRroOOF. Let W be a K-dimensional Hilbert space so that
H, = HE =9 oW

as in (BI0). We may therefore assume that H, = H, ® W, and that 7
restricted to G is equal to m ® I. Note that 7, for h € H is equivariant
for 7| = 7 ® I. By Lemma this implies for h € H that 7, = I ® p;, for
an operator p, € B(W). Since 7| is a unitary representation and W = v@W
for any unit vector v € H, it follows that p is a unitary representation of H
on H, = W. Thus 7 is the outer tensor product # ® p on H, = H, @ H,,.
Irreducibility of 7 now also implies that p must be irreducible. (I

To summarize, Proposition [5.19 shows that the outer tensor product of ir-
reducible unitary representations of G and H give rise to irreducible unitary
representations of G x H. Conversely, by Proposition[5.2]] irreducible unitary
representations of G x H arise in this way if the restriction to G is easily
described with one irreducible representation of G. It may feel like the lat-
ter should always hold, since different irreducible representations should give
rise to invariant subspaces, but this line of argument only works if it is some-
how possible to separate different elements of G by, for example, equivariant
operators.

Ezample 5.22. Let G = SO,(R) x R? be the group of isometries considered
in Section B.31], and let H simply satisfy our standing assumptions. We will
show that any irreducible unitary representation 7 of G X H is isomorphic to
the outer tensor product m ® p for some 7 € G and p € H.

Solet 7 € G x H. To prove the assumption of Proposition B.21] we apply
the arguments to Proposition B:I3l Indeed, if the restriction of 7 to R* < G
is trivial, then 7 induces an irreducible unitary representation of SOy (R) x H

P ~

and T = x,, ® p for a character x,, € SO5(R) and a representation p € H, by
Example [[.33
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5.2 The Tensor Product Representation 231

So suppose the restriction of 7 to R? is non-trivial. We again define the ra-
dius function R: R® — [0, 00), which is invariant under the action of SO (R)
onR?. As in the proof of Proposition[3.13, this shows that the operator Tro(R)
is equivariant for 7|g. By the properties of the measurable functional calcu-
lus (Proposition 255(5) applied to 73, for h € H), 7. (R) is also equivariant
under 7|g. Hence Schur’s lemma (Theorem [[L27)) applies again, and we see
that 7.(R) = rI for some r > 0.

Let W,, < H, denote the eigenspace for T|502(R) and a character x,, for
some n € Z. Also let D: R? — S* C C denote the direction function as in
the proof of Proposition[Z55 Then 7,.(D) is a unitary operator sending W,
onto W,,_; for all n € Z. Therefore K = dim W, is independent of n € Z.
Given a unit vector v € W, we define V = (1,(D")v | n € Z) and apply the
proof of Proposition to see that 7 restricted to G and V is isomorphic
to the representation 7,. Hence 7 restricted to GG is isomorphic to ﬁf‘f , and
Proposition [5.2T] shows that 7 is isomorphic to 7, ® p for some p € H.

Exercise 5.23. Repeat Example [5.22] for any metabelian group G satisfying the assump-
tions in Section

5.2.3 Compatibility and Continuity of Tensor Products

We now establish compatibility with weak containment, and continuity with
respect to the Fell topology, for the tensor product construction.

Proposition 5.24 (Compatibility and continuity). Let m; and w5 be uni-
tary representations of G and let p; and py be unitary representations of H.
If T < 7y and p; < py then the outer tensor products also satisfy

T Q@ pp < Ty & po.
Moreover, the tensor product construction
UG)xU(H)> (mp)—7Rpe(GxH)

is continuous. If G = H then both claims also hold for the inner tensor
products.

PROOF. Suppose first that m; and p, are cyclic with generators v € H,,
and w € H, respectively. Then m; < my and p; < p, imply that, for any

compact subsets K C G and L C H and any € > 0, there exist ¢™2 € ’P;Z
and ¢ € P, with [l¢)' — 6™ koo < € and [[¢l} — ¢[00 < & We
recall that @iio/" = @' @ @it (that is, @[10" (9,h) = @) (g)@ht (h) for
all (g,h) € G x H), which extends by linearity to ¢ = ¢™ ® ¢* € 73712®p2.
Multiplying the approximation claims above with [|@f! || o and ||| k «
respectively gives
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L P 1 e [P ot T

< 2e.

We also note that v @ w € H, ® H, is a generator for m ® p; by Exer-
cise As the compact subsets and £ > 0 were arbitrary, we obtain from
Corollary that m; ® p; < Ty ® po.

If now m; (resp. p;) is not cyclic, we write m; = @,._, 71, (and, re-
spectively, p; = @, p1n) as a direct sum of cyclic representations. This
gives

o0
m™ &P = @ T1m @ P1n < (772 ® P2)Oo < My & pa,
m,n=1
and hence the first part of the proposition.

The proof of the second part is similar. Suppose that (m,,) is a sequence
in % (G) converging to m € % (G), and (p,,) is a sequence in % (H) converging
to p € % (H). We claim that 7@ p < @, -, 7, @ py,.

For the proof of the claim, we first assume that v € H, and w € H, are
generators so that v ®w is a generator for 7 ® p by Exercise[5.15. By Proposi-
tion 49 we can find, for compact subsets K C G and L C H, ¢ > 0 and ev-
ery large enough n € N, positive-definite functions ¢™ € 73,1” and ¢ € Ppln
with [[py — @™ || .00 < € and ||@h, — ¢”" |1 o < €. As in the first part of the
proof, this implies that

® n n
|Pomm — & @ ¢° |k xr,00 < 26.

Together with Corollary .32}, we see that 7 ® p < @, 7, ® p,, as claimed.

As the claim holds for any sequences (7,,) and (p,,) converging to w and p
respectively, we can also apply it to subsequences. By Corollary [£.42] this
shows that 7, ® p, = ™ ® p as n — oo. If m (resp. p) is not cyclic, we can
apply the above to all its cyclic subspaces, and conclude the argument as in
the first part of the proof.

By restricting the uniform approximation in the weak containment state-
ment or the convergence statement to compact subsets of

Az =1{(9,9)19€ G} C GG,

we obtain the two statements also for the inner tensor product representa-
tions. (]

Exercise 5.25. Let G have property (T) and let = € G be a finite-dimensional irreducible
representation. Show that for any unitary representation p of G we have that @ < p
implies ™ < p.
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5.3 Structure of Unitary Representations

As mentioned in the introduction to the chapter, compactness of G has im-
portant consequences for its unitary representations.

Theorem 5.26 (Finite dimension). Let w be an irreducible unitary repre-
sentation of the compact group G. Then H,. has finite dimension.

For non-compact groups this can fail quite badly. Indeed, Exercise [.79]
shows for the group SL,(R) that there are no non-trivial finite-dimensional
unitary representations.

Theorem 5.27 (Decomposabilitym). Let p be a unitary representation of
the compact group G. Then H, is a direct sum of mutually orthogonal irre-
ducible subspaces. More precisely, for every [r1] € G define the linear hull H[pﬂ
of all subspaces V C H, such that p|,, = n. Then these subspaces are closed,

mutually orthogonal,
_ (7]
n,= P #,",

[7\']6@

and p restricted to HL”] is isomorphic to mult(m, p) € Ny U {oo} many copies
of m. Here the multiplicity mult(mw, p) s uniquely determined by p, but the
isomorphism between ’HL”] and H;nuu(ﬂ’p) 15 not.

We have already seen in the paragraph after Exercise 23] (see also Theo-
rem and Proposition[254)) that the regular representation of R on L*(R)
does not even contain one irreducible subspace, also showing how Theo-
rem [£.27] is a special property of compact groups.

To lighten the notation, we will sometimes write 7 as an abbreviation
for [r], as for example in the notation mult(mw, p) for [r] € G and an arbitrary
unitary representation p of G.

5.3.1 Equivariant Maps

For the proof of Theorems[5.26 and [£.27 we will need to construct equivariant
maps using the next two lemmas.

Lemma 5.28 (Existence of equivariant operator). Let m and p be uni-
tary representations of the compact group G, and let A € B(H,,H,) be a
bounded operator. Then

gv:/ pgAwgflvdm(g) (5.15)
G

Jor v € H, defines another bounded operator from H, to H, that is equivari-
ant.
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PROOF. The integral in (5.13)) is to be understood weakly, as in our definition
of convolution operators. More precisely, for v € H, we define Av € H, using
the Fréchet—Riesz representation theorem and the formula

</~h),w> —/G<pgAﬂ'g1v,w> dm(g)

for every w € H,, where the function g — <pgA7Tg—1 v, W) = <A7Tg—1 v, p, -1 w)
is continuous (by continuity of the unitary representation and the inner prod-
uct) and satisfies |<pgA7rq71v,w>| < ||AJl|v|l||w]].- Hence A is a well-defined

linear operator with || A|| < ||A] (see also the argument in Section [[Z.3).

Equivariance of A now follows quickly from the properties of Haar measure.
Indeed,

Aﬂ'%v = /GpgAﬂ'glgO’U dm(g) = /GpgopkAﬂ'klv dm(k) = pgogv
for g, € G by the substitution k = galg. O

Lemma 5.29 (Existence of compact equivariant operator). Let 7 be a
unitary representation of the compact group G. For a given unit vector u € H,.
we define the operator T by

TU:L<U,Wgu>Wgudm(9)

for all v € H, Then T is positive, self-adjoint, equivariant, non-trivial, and
1L
compact. Moreover, u € (kerT')™.

PROOF. The equivariance of T follows from Lemma .28 since for Av =
(v,uyu and g € G we have

UYTT U

TgAT 10 = <7Tg—1'U,U>7T u= (v, 9

g g

for all v € H . Hence A=T.
To prove positivity, let v € ‘H, and calculate

(Tv,v) = /G (v, Tgu)(myu, v) dm(g) = 0.

2
=[v,mgu)|

Positivity also implies that T is self-adjoint, which can also be checked di-
rectly.

If now v € ker T, then (T'v,v) = 0 and so by the argument above and the
continuity of the map g — (v, 7 u) it follows that (v, 7,u) = 0 for all g € G.
In particular, v 1 ker T and so T # 0.
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It remains to prove that 7T is compact, which we will do by approximat-
ing T uniformly by operators with finite-dimensional range. For this, note
first that g — m,u is uniformly continuous on G' by compactness. Hence,
given some ¢ > 0 there exists a finite measurable partition P = {By,..., B,}
of G with max{diam B; | j = 1,...,n} small enough to ensure that g, g; € B,
implies that |[myu — 7, ul| < e. Hence

[[(v, Tu)mgu — (v, 7, wym, ull

g g

< o, mgu)lmgu — g ull + [{v, g

w =y, ul Iy, ull < 2¢]lo]
for all v € H,, since u is a unit vector. Using this partition and the sample
points g; € B; for j = 1,...,n we define the Riemann sum approximation

n

Tp: Hy2dv+— Tpv = Z(v,ngmm(Bj)ngu
j=1

with values in (my u,...,m, u). This defines a bounded operator on H, with

|T = Tpll = sup [[Tv—Tpo|
lvll<1
Z/B ((v, T u)myu — <U,7ngu>7ngu) dm(g)

Jj=1

= sup < 2e.

llvll<1

As Tp has finite-dimensional range and ¢ > 0 was arbitrary, the lemma
follows from [21] Lemma 6.7]. O

5.3.2 Proof of Theorems

PrOOF OF THEOREM [£.26l Suppose that 7 is an irreducible unitary repre-
sentation and that v € H, is a unit vector. Applying Lemma we find
a non-trivial compact equivariant operator 7' € B(H, ). By Schur’s lemma
(Theorem [[L27), irreducibility implies that T'= AI for some A € C. However,
as T # 0 is a compact operator, we see that dim H, < oo (see, for example,
the discussion after |21} Def. 6.2]). O

PrOOF OoF THEOREM (.27 DECOMPOSABILITY. Let p be a unitary rep-
resentation of the compact group G and let v € H, be a unit vector.
Apply Lemma again to obtain an equivariant compact operator T so
that u € (ker T)l. Since T' is compact and self-adjoint, there exists a (possi-
bly finite) sequence (A,) of non-zero eigenvalues of T' such that
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H, = @Wn @kerT,

n>1

where W,, = {v € H, | Tv = \,v} is the finite-dimensional eigenspace of T
with eigenvalue )\, (see [2I, Th. 6.27]). As T is equivariant it follows that
each subspace W,, is p-invariant. Indeed g € G and v € W,, implies that

Tpgv = pyTv= A,pg4v,

and so p,v € W,,. Using induction on the dimension and the fact that every
invariant subspace has an invariant complement (see Exercise [[21]) it fol-
lows that every finite-dimensional representation, and in particular each of
the subspaces W,, is a finite direct sum of irreducible subspaces. It follows
that 0,5, W, is at most a countable direct sum of irreducible subspaces.
Recall that u € ,,5; Wi,

To deduce the theorem from this, let v;,vs,... be an orthonormal basis
of H,. Apply the argument above, first to u = v; to obtain a direct sum W
of irreducible subspaces that contains v;. Choose the next integer n > 2
with v, ¢ W, project this vector to VVJ‘7 and define the operator T' as above
but for the restriction of 7 to W and the normalized projection of v,, to wt.
This produces a further collection of mutually orthogonal irreducible sub-
spaces in W™ such that v1,...,0, belongs to the direct sum W of W and
these new irreducible subspaces.

Repeating the argument inductively produces mutually orthogonal irre-
ducible subspaces whose direct sum contains all basis vectors. O

To complete the proof of Theorem it remains to discuss the sub-
spaces 7—[,[3”] and the multiplicity mult(r, p) for all [x] € G. For this, let us
first summarize what we have obtained thus far in a convenient notation.
Given the representation p we have found (finite-dimensional) irreducible
subspaces Vi, Vs, -+ < H, such that H, = €D, 5, V- For any [7] € G we de-
note those subspaces V,, with ply, = by V; for £ =1,...,m([x]) = m(7),
where m(7) € NU{oo} is the total number of such subspaces. In this notation,
we have shown that

m(m)
H,= P Pvi=p w (5.16)
[r]eG f=1 [r]eG
=W"

The following lemma will be useful for the second part of the proof of Theo-
rem [5.27] but is also of independent interest (see also Exercise [(.3T]).

Lemma 5.30 (Bound on multiplicity). If p is a cyclic representation of
the compact group G and
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m(m)

H,= @ @VZ’

[‘n’]Eé =1

then m(r) < dimH,, for every [7] € G.

m(m)

PROOF. Fix some [7] € G. Projecting the generator to @B, Vi it follows
that the latter is also cyclic, and we may suppose that

m(m)

",= PV
(=1

Let d = dimH,. and suppose that m = m(xw) > d. Projecting the generator
to the orthogonal sum of the first d 4+ 1 subspaces, we may assume that m

is d + 1 and that H, = HI is eyclic with generator v = (V1y. vy Ugt1)-
Permuting the indices if necessary, it follows that vy, 1 = oqv; + -+ + gy
for some aq,...,ay € C. Now define the proper subspace

d+1
W:{(wl,...,wd,alwl+-~-+o¢dwd)\wl,...,de’HW} <'H,r+

and notice that it is invariant under p = EB?;l 7w and contains the vector v
that generates Hiﬂ. This contradiction proves the lemma. |

PrROOF OF THEOREM CONTINUED: MULTIPLICITIES. Let p be unitary
representation of G. As already done in the theorem, we define for every
irreducible representation 7w the subspace ’H,Lﬂ] as the linear hull over those
subspaces V C H, such that p|,, = 7. Furthermore, let V; for £ = 1,... ,m(n)
and W™ = EBZH:(? V7 for all m € G be as in (5.16) so that the space H, is
the orthogonal direct sum of the subspaces W™ for 7 € G. We wish to show
that ’H[pﬂ"] = W™ for every [m,] € G.

Suppose for a moment that m; and 7y are inequivalent irreducible repre-
sentations of G' and V;,V, C H, are invariant subspaces such that p\vj is
isomorphic to 7; for j = 1,2. Using invariance of V, we see first that the
orthogonal projection P: H, — V, is equivariant. Composing the projec-
tion with the equivariant isometries H, — V; and Vy — H,, gives now an
equivariant map H. — H,,. By Schur’s lemma (Theorem [[.27) it follows
that P|, =0andsoV; LV,.

We fix some [mg] € G and return to our discussion of the subspaces W™
and HETO]. Let Vy € H, be an irreducible subspace with p|,, = m, let m be
an irreducible representation with 7 # [m,], and let V; C W™ be one of the
subspaces in the definition of W". Then the argument above shows V, L V; .
Varying the subspaces we obtain ’HETO] 1 W™ and varying [r] € G~{[m,]}, we
obtain ’H[pﬂ“] C W™, since H, equals the orthogonal direct sum @[W] caWr.
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For the converse inclusion, let v € W™~{0} and apply the first part of
the theorem to the cyclic representation (v), € W™ generated by v. This
shows that (v), = EBszl V. for some irreducible subspaces Vj, C (v), and K
in NU {oo}. By the above we also have ”HET] C W™ for [x] € GN{[m]}, which
implies that p|v;c = 7, for all k. By Lemma[5.30 we now see that K < dim H.,
and hence that (v), is a finite sum of irreducible subspaces, which implies
that v € ’HLW“]. As v € W0} was arbitrary, we see that W™ = 7—[,[;”’], and
in particular that ’HL”“] is closed.

As H[JO] is canonically defined, it follows that

dim 7—[[;”] = m(my) dim H,

is independent of the choices that were made to arrive at the splitting of H
into irreducible subspaces V;, Vs, . ... As dimH < oo by Theorem [5.26] this
implies that

dim H [pﬂ"]

mult(m, p) = m(my) = A
To

is well-defined.

Finally, note that the isomorphism U, between H, and H can be
changed in many ways. For instance, U, can be composed with a permutation
of the subspaces if mult(m, p) > 1 or multiplied by a scalar of absolute value

mult(m,p)
T

s
one whenever H, # {0}. O
Exercise 5.31. (a) Let m be a finite-dimensional irreducible unitary representation of G.
Show that the unitary representation on ’Hilm%w is cyclic.

(b) Let I C N and [n;] € G for j € I such that j # k in I implies that T b

equivalently, [, 7]). Show that oy dim e g cyclic.
J k jer Ttw

Exercise 5.32. Let G = Z/2Z x T, with group operation defined by

ay

(a1,zy1) - (ag,z9) = (a3 +ag,z1 + (=1) " x3).

Describe the unitary dual G.

5.3.3 Containment

The description of unitary representations in Theorem [5.27] allows us to de-
scribe containment quite clearly.

Corollary 5.33 (Characterization of containment). Let p; and py be
unitary representations of the compact group G. Then py < po if and only if
for every [n] € G we have mult(r, p;) < mult(m, p,).
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PROOF. Suppose that p; < py. Then we may assume that H, < H,
and p; = paly;, . Applying the decomposition theorem (Theorem[5.27) to H,,,
1

and H,, CH,,, it follows that

mult(m, p1) < mult(r, py) + mult(m, py,,+ ) = mult(m, py)

|t
Mo,

for every [1] € G.
For the converse, we suppose that mult(r, p;) < mult(nr, py) for every «
in G, and obtain from the decomposition theorem for p; and p, that

le o @ Hglult(ﬂ",pl) C @ Hglult(ﬂ",pz) o sz
[r]eG [r]eqG

as required. (I

5.3.4 Irreducible Representations of Products

In this section we let G denote a compact metric group and H a locally
compact, o-compact metric group. We wish to relate the irreducible repre-
sentations in G and H to the irreducible representations of G x H giving the
converse to Proposition [5.14]

Proposition 5.34 (The unitary dual of compact products). Let G be
a compact metric group and H a locally compact, o-compact metric group.
Then the irreducible representations of the direct product G x H are precisely
of the form m ® p for [7] € G and [p] € H.

PROOF. The irreducibility of 7 @ p for [r] € G and [p] € H holds more
generally, and was established in Proposition

For the converse, we suppose that 7 is an irreducible unitary representation
of G x H. We restrict 7 to the compact group G and apply Theorem (.27 Tt

follows that
", = P H,
[r]eG

where ’H[:] is the linear hull of all irreducible subspaces V < .. isomorphic
to H,. Since the direct factors of G x H commute, it follows for h € H and
a closed subspace V < H.. that 7,) < H. is isomorphic to V with respect to
the restriction of 7 to G. Therefore Th?’-l[f] < H[f] for [n] € G and h € H. By
irreducibility of #, we must have 7, = H™ for some [r] € G. Let

K = mult(m, 7|g) € NU {0}
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so we may assume that H, = Hf,( by Theorem B.271 Applying Propo-
sition [B.2]] it follows that there exists an irreducible unitary representa-
tion p € H on a K-dimensional Hilbert space so that 7 =7 ® p. ]

5.3.5 The Unitary Assumption

In all of our discussions up to this point (and in many of the following ones)
we always start by assuming that the representation in question is unitary. In
the context of compact groups this assumption can be weakened significantly.

Proposition 5.35 (Averaging the inner product). Let H be a Hilbert
space and suppose that m is a continuous representation of the compact
group G on H (so properties (1) and (3) of Definition [L1] hold, but we do
not assume (2)). Then

(v,w) . :/<7rgv,7rgw>H dm(g)

forv,w € H defines an inner product on H with the property that the induced
norm is equivalent to the norm induced by (-,-),, and m is a unitary repre-
sentation with respect to (-,-)... In particular, this applies to every continuous
finite-dimensional representation.

ProOOF. Using the continuity of G > g — myv for v € H, it is easy to
see that (-,-). is well-defined and satisfies the axioms of an inner product.
Moreover, also by compactness of G and the continuity requirement of the
representation we have that {m,v | g € G} C H is bounded for every v € H.
As H is a Hilbert space, the Banach—Steinhaus theorem on uniform bound-
edness (see [21, Th. 4.1]) applies and shows that M = sup{||7,| | g € G} is
finite. Notice that |7 ,v|y < M|v|3, which may be applied to g ! and its
action on the vector w = m v to see that

arllvlle < gl < MlJvlly

for all v € H and g € G.
Let || || denote the norm induced by (-, -) . By integration, we now obtain

2 2 2 2 2
sl < ollz = /||7TgU||H dm(g) < M7[|v[l3

for all v, which shows that || - ||, and || - ||, are equivalent norms.
Finally, note that

o2 = / gl dm(h) = / mwll2, dmk) = ]2
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for all v € H, showing that 7, is unitary for all g € G with respect to the
inner product (-,-), on H,. As || - || and || - ||, are equivalent norms, we
see that H, = H is still a Hilbert space when equipped with the latter norm
and that 7 still satisfies the continuity requirement, and so gives a unitary
representation. (I

5.4 The Regular Representation*

Having obtained the complete description of any unitary representation of
the compact group G, we now move on to the regular representation .
Here we will, in particular, also obtain complete knowledge of the multi-
plicities mult(m, A) of a given irreducible unitary representation 7 of G. As
a first step towards that goal, we study the matrix coefficients of unitary
representations (which are continuous functions on G, and in particular are
elements of L?(G) by compactness).

5.4.1 Schur Orthogonality

Definition 5.36. For a unitary representation 7 of the compact group G we
define M, = <g0u7v | u,v € ’H,W> to be the linear hull of all matrix coefficient
for vectors in H,.

It is clear that M, only depends on 7 up to unitary equivalence and so
we may also define M) = M for any [r] € G.

Proposition 5.37 (Dimension bound). Let 7 be a unitary representation
of the compact group G. Then M, is invariant under the left- and right-
reqular representations, is a two-sided ideal in Ll(G) with respect to convo-
lution, and satisfies

dim M, < (dim#H,,)%.

PROOF. To see the invariance under the regular representation let u,v € H,
and g,h € G. Then

Ag(Pu0) () = @ulg h) = (7,0 0) = (my,mg0) = 9oz ()
and

pq(@u,v)(h) = @u,v(hg) = <7Thgua 1)> = <7Th7rgua 1)> = @ﬂgu,v(h)

show that A, M, C M and p, M, C M. For the claim regarding convolu-
tion let f € L'(G) to see that
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£ tunle) = [ F0)0u0 ) dm()
- /f(h) <7Thflgu,v> dm(h)
— [ 50 (yu. i) dmn)
= (1, 7 (F0) = o 70 (0)

by definition of the convolution operator ., (f).
Similarly, we define f(k) = f(k™") for k € G and obtain

Cuw * f(9) = /wu,v(h)f(h_lg) dm(h)
- / Gun (k) F(6 ) dm(k)
- / (g, o) F (k) dm(k)

= <7'rg7'r* (f)u,v> = wﬁ*('f)uw(g)

by using the substitution h = gk, and again the definition of the convolution
operator , (f). It follows that L'(G) * M, UM, x L' (G) C M,..

Finally, if wy,ws,...,wy; € H, is an orthonormal basis, then sesqui-
linearity shows that M is spanned by Pu, for i,5 = 1,...,d. However,
if H is infinite-dimensional, then there is nothing to prove. O

Theorem 5.38 (Schur orthogonality relations). Let m and p be irre-
ducible unitary representations of the compact group G and consider the
subspaces My and M, inside Lz(G). If m and p are not unitarily equiv-

alent, then M, L M,. Moreover, if wy,...,wg_ is an orthonormal basis
of Hy then /d,m; ; is an orthonormal basis of M., where d, = dimH
and m; ; = wfvi?wj fori,j=1,...,d,. In particular, dim M, = di.

Proor. We will apply Lemma [5.2§] for various choices of A. We fix some
vector uy € H,, some vy € H, and consider the map A defined by

Au = (u, ug) vg

for u € H,, which gives rise to

Au = /<7T971U,U0> Pgvo dm(g).

By definition we have
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(Auso) = [ (u.7y0) {pyt0:) dmlg) = (00,0

P
7
Sauo,u SD”O‘U

for all w € H, and v € H,, where we write qu,u for the matrix coefficient
of ug,u € H, defined by 7 and (pﬁmv for the matrix coefficient of vy, v € H,
defined by p. ~
Suppose now that 7 and p are not unitarily equivalent. Then A = 0 by
Schur’s lemma (Theorem [[L27) and so the argument above shows that
Puugyu L+ P,

for all ug,u € H, and vy, v € H,, or equivalently that M, L M.
Suppose now that wy, ..., wy_is an orthonormal basis of H, let p = 7 in
the above discussion, and set uy, = wy, and vy = w; so that the linear map A

has trace tr(A) = Jj, ;. Since d, = dimH, < oo we can obtain A also via the
(matrix valued, Riemann-) integral

A= /7rgA7r;1 dm(g).
Taking the trace we see that

A= / tr(m, Ar, ') dm(g) = tr(A) = ;.

By Schur’s lemma (Theorem [L27), A = A on A, for some A € C, which
gives tr A = \d = J, ;. Hence we see that

T_ 1
A= Zék)jl .
We now apply A (which we defined using the basis vectors ug = wy,, re-

spectively vy = w;) to u = w, and take the inner product with v = w; to
obtain

1 _ 1 _ /7 _ T T _
Eék“ja&i - <E6k7jwévwi> - <Au,v> - <(pv0,v7<pu0,u> - <7Ti7j77rk,6>7

where m; ; = @y, o, and T, = @y, . Multiplying by d,. gives

j
<\/Z7Ti)j, \/Zﬁk7g> = 0,i00,5-

As in the proof of Proposition (.37 sesqui-linearity of the matrix coefficients
shows that M, is generated by the vectors m; ; for 7,5 = 1,...,d,. Since

these are orthogonal, it follows that dim M, = df, and the theorem follows.
O
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244 5 Compact Groups

5.4.2 A Dense Algebra

Recall that in the study of compact abelian groups a trigonometric polyno-
mial is a finite linear combination of characters of the group, and that these
form a dense sub-algebra of the space of continuous functions on the group
with respect to the supremum norm. In the context of compact groups the
following is the appropriate generalization, which as we will see will have the
same properties.

Definition 5.39 (Matrix coefficient algebra). We define the matriz co-
efficient algebra of the compact group G to be the linear hull

M(G) = (M, | [r] € G).

The purpose of this section is to develop the main properties of M(G) as
summarised in the following theorem.

Theorem 5.40 (Dense algebra). For the compact group G the subspace
M(G) C C(G)
18 a dense sub-algebra with respect to pointwise multiplication.
Our first step is to justify the nomenclature ‘algebra’ for M(G).
Lemma 5.41 (Algebra). For the compact group G we have
M(G) = (M, | p is a unitary representation of G with dim#H, < oo),

and that M(G) is a sub-algebra of C(G), where M, is defined as in Defini-
tion for any unitary representation p of G.

PROOF. Let us write F for the linear span of all matrix coefficients of all finite-
dimensional unitary representations of G. We first prove that M(G) = F as
claimed in the lemma. By Theorem we have M, C F for all m € G and
so M(G) C F. Suppose now that p is a finite-dimensional unitary representa-
tion of G and let H, = EBivzl V,, be the decomposition of H, into irreducible
representations. Given u = 25:1 u, and v = 25:1 v, with u,,v, € V,
forn=1,..., N we have

N
Phw =D @i v, € My, [n=1...,N) C M(G).
n=1

Since u,v € H, and p were arbitrary as in the definition of F we obtain the
opposite inclusion F C M(G).
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Suppose now that ¢y! , and ¢p? = are matrix coefficients for finite-

dimensional unitary representations p; and p, respectively as in the defi-
nition of F. Recalling the construction of the inner tensor product represen-
tation p; ® py from Section B and especially Proposition [B.14] (which in the
case at hand is easier as we are currently only dealing with finite-dimensional
representations) we see that the product

®
O 0 (DP2 0, (9) = ((p1 ® p2)gus @ ug, vy ® Va) = P2 | o (9)

is again a matrix coeflicient for a finite-dimensional representation p; ® pq
onH, ®H,, for the vectors u; ®u, and vy ®v,. This implies that M(G) = F
is a sub-algebra of C(G). O

Proor oF THEOREM [£.40. We are going to apply the Stone—Weierstrass
theorem to M(G). By Lemma [5.41] we know that M(G) is a sub-algebra
of C(G). Using the trivial representation we also see that the constant func-
tion 1 belongs to M(G). Moreover, given a matrix coefficient ¢}, ,, of a finite-
dimensional unitary representation p and vectors u,v € H,,, the formula (5.2
shows that @Z,U is also a matrix coefficient of a finite-dimensional unitary rep-
resentation, namely the contragredient p. Therefore, M(G) is closed under
conjugation.

Finally, recall from the Gelfand—Raikov theorem (Corollary [L75]) that for
any g; # go in G there exists a unitary representation m € G with Ty, 7 Mgy
Hence there exist u,v € H, with ¢y ,(91) # Yu.(g2). Hence M(G) also
separates points. By the Stone-Weierstrass theorem, it follows that M(G) is
dense in C(G). O

5.4.3 The Peter—Weyl Theorem

The material of Section (.3l and our preparations in Sections [(5.4.1] and
leads naturally to the following complete description of the regular represen-
tation of the compact group.(s)

Theorem 5.42 (Peter—Weyl). The reqular representation of the compact
group G is_isomorphic to the direct sum of irreducible representations where
each m € G appears with multiplicity d, = dim H,.. More precisely, we have

the decomposition
L*(G) = P M.,
[77]6@

and the subspace M is invariant for every [n] € G. In fact the right-reqular
representation p restricted to M, is isomorphic to d, copies of w, and the
left-reqular representation A restricted to M, is isomorphic to d, copies of
the contragredient T of .
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246 5 Compact Groups

As we will see, the proof consists of reviewing what we have obtained so
far.
Proor oF THEOREM [0.42l By Theorem .38 we know that M, L M,
if m,my € G have m o my. Therefore the direct sum @[n}eé M, is an

orthogonal decomposition of a subspace of L*(G). Moreover, by Theorem [5.40]
the linear hull M = (M. | [x] € G) is dense in C(G) and so also in L*(G)
in the L* norm, which implies that L*(G) = @[ﬂe@ M.

Let us first consider the right-regular representation p. Fix some 7 € é,
some orthonormal basis wy,...,wy_of H ., where d, = dimH,, and finally
some index £ € {1,...,d,}. Then the map U, defined by Uy = /dp, ,,
for v € H, satisfies

U[U \/ 7w Pv,w, hg V dﬂ' <7Th7Tg’U7wl> = Ué(ﬂ'gv)(h)

for all g,h € G and has ||Uywy|| = |[\/d,7y || = 1 for any k € {1,...,d,} by
Schur’s orthogonality relations in Theorem [(E38 By Schur’s lemma (Theo-

rem [[.27])
Ug: Hﬂ. —)Ing - Mﬂ-

is an isometric isomorphism. By Schur’s orthogonality relations we also
have ImU, L ImU,, if ¢; # £, in {1,...,d } and hence the right-regular
representation restricted to M, is isomorphic to d, copies of .

For the left-regular representation we again fix some k € {1,...,d,} and
define By, on H, by Byv = \/d ¢, , satisfying

A Bkv \/ (pwk, g h V dﬂ<7rhwk77rgv> = Bk(ﬂgv)(h)

for all g, h € G. However, the map Bj, is semi-linear, which we can correct by
using the same notation as in Section [5.1] and considering instead the linear
map B: He 2v — Byv = VAP, »- Now we have

! ! —
)\gBk’U = )\gBk’U = Bk'ﬂ'g’l} = Bk'ﬂ'g’l}

for all g € G and v" € H.., which shows that B}, is an isomorphism between
the contragredient representation 7™ and the restriction of the left-regular
representation to Im Bj.. As in the case of the right-regular representation
the multiplicity is d. O

Exercise 5.43. Consider the left-right representation v of G X G on LQ(G) defined
by 7(91792)(f)(h) = f(gflhgg) forall feH, = L2(G) and g1, g2, h € G. Show that

L*(G) = P M,

[r]e&

is precisely the decomposition into inequivalent irreducible representations for the unitary
representation a of G X G in H., = L? (G), each appearing with multiplicity one.
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Exercise 5.44. Let 7 be a cyclic unitary representation of a compact group. Show that =
is contained in the regular representation, that is w < A.

Exercise 5.45. What additional consequences about (d,; | [x] € G) can be derived from
the Peter—Weyl theorem (Theorem [5.42) if G is a finite group? (See also Exercise [5.60})

5.4.4 Weak Containment and Discreteness of the Dual

For the compact group G the notion of weak containment p; < p, for uni-
tary representations p; and p, from Section ] has the following special
properties.

Corollary 5.46 (Characterization of weak containment). Let p; and p,
be unitary representations of the compact group G. Then the following are
equivalent:

(1) p1 < p2; R

2) m < py implies that m < or any ™ € G; and
Ploo P2 Y

(3) pr < p3 -

Moreover, for m € G and a unitary representation p of G, we have ™ < p if
and only if m < p. In particular, the Fell topology on G is discrete.

PROOF. We begin by proving the final claim in the corollary (which also
follows from Exercises and [4.18). Suppose that 7 is in G and pis a
unitary representation of G. Clearly m# < p implies m < p, so suppose for
the converse that 7 is not contained in p. By the decomposition theorem

(Theorem [B27) this gives
Hp = @ Vg

Lerl
for a finite or countable index set I and closed subspaces V, for ¢ € [
with ply, = m, € GN{7}. Let v € H, be a unit vector and let o7 be its

principal matrix coefficient. For any w € H, with 7, € é\{ﬂ} we obtain
from Schur orthogonality (Theorem B38) that ¢,° 1 ¢y, where it does not
matter whether w is normalized to unit length or not.

If now w =3, ., w, € H, with w, € Vy, then

00 (9) = (pgw,w) = {pgwp,we) = > ¢h, (9)

el lel

for all g € G. Since | ¢}, || = [[we||?® this series converges uniformly. Together
with the above, this implies that f, 1 oy . Clearly this extends to finite sums
as in the definition of weak containment (Definition 1)), and shows that =

is not weakly contained in p. The discreteness of G in the Fell topology now
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follows from Corollary If 7 € G and 7, € G {r} for all n € N, then
is not weakly contained in €, | m,, and hence (,,) cannot converge to .
Suppose now that p; and p, are unitary representations of G and p; < po
as in (1). If now © < pq, then by transitivity of weak containment (see
Exercise @4l and its hint on p. E80) we have m < p,, which by the above also
implies that = < py as required.
If now p; and p, satisfy (2), then

mult(m, p;) < oo - mult(mr, py) = mult(m, p3°),

and (3) follows from the characterization of containment in Corollary (533
Now suppose that p; < p3° as in (3). Any v € H,, then corresponds
under the assumed unitary equivariant isomorphism to some w = (w,,),
lying in @, ; H,,. This implies that ¢}’ = <pﬁ,§c =Y 0", ¢u? , and the series
converges uniformly. As v € H, was arbitrary, this implies that p; < p, by
definition of weak containment. O

5.5 The Space of Conjugacy Classes™

Recall that for two elements g;, g5 of a group G we say that g; is conjugate
to g, if there exists some k € G with gy = kg, kT equivalently if g; and g, are
on the same G-orbit under the action of G on itself by inner automorphisms.
The equivalence classes (or G-orbits) are called the conjugacy classes and we
write G for the space of conjugacy classes. We also write

QD:G—>Gﬁ
g lg] = {kgk™" | k € G}

for the canonical projection onto the space of conjugacy classes.

If Gisa to&mlogical group we also use the map p to define the quotient
topology on G*. In general, this map and the resulting topological space may
not be well-behaved. For example, G* may not be Hausdorff.

Exercise 5.47. Show that the images under p of ((1) (1)) and ((1) i) are distinct but do

not have disjoint neighbourhoods in the space SLq (]R)ﬁ. Show that p is not a closed map,
specifically that the image of {(a 1/a> | a> 0} is not closed.

However, if G is compact the situation is much better” and we can use

the results of this chapter to give an introduction to harmonic analysis on G*.
Moreover, as we will see this will also lead to a better understanding of the
unitary representations of G.
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5.5.1 The Topological Space

Lemma 5.48 (Topology on Gu). For the compact metric group G the quo-
tient topology on GF is compact and metrizable. In fact the metric dy on G*
can be defined by

ds([01], [9]) = inf  d(hy, hy)

hi€lgrl,
ho€lgs]

for [91], [9a] € G*.

PROOF. Since G is compact, the equivalence classes [g] for g € G are (as
images under the continuous map G > k +— kgk_l) also compact. It follows
that the distance between [g;] and [gy] is actually a minimum and so is
positive unless [g;] = [go]. From this it is easy to see that dy defines a metric
on Gﬁ, and it remains to show that the topology induced by dy coincides with
the quotient topology.

Given g € G and € > 0 it is also clear that

U kiB.(kaghs )bt € G
k, €G
ko €G

is open and equal to

{he G| dy([h],[g) < e} =p B (lg)).

It follows that every metric open set is open in the quotient topology. For
the converse, suppose that 0" C G*is an open neighbourhood of [g] € G* so

that O = p_l(Oﬁ) is an open set containing [g] and invariant under conjuga-
tion by elements of G. It follows that [g] and GNO are disjoint compact sets
so that their distance

e= min  d(h k) = dy([g], G>NO)
helg], k€GO

is positive. We claim that B.([g]) € O, which implies that O* is also a
neighbourhood of [g] with respect to the metric dy. For the proof of the claim

suppose that
dy([h], [g]) = d(khky ' kaghs ') < e

for some h, k1, ky € G. Since kogks ' € [g] it follows from the definition of &
that ki hk; " € O or equivalently [h] € O* as claimed.

Since G* = p(G) is a continuous image of the compact group G, G is also
compact and the lemma follows. (I
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5.5.2 The Centre of the Convolution Algebra

Many groups (and, in particular, many semi-simple groups) have very small or
trivial centre; see, for example, the discussion of SU4(R) in the next chapter.
This and Schur’s lemma (Theorem [[.227)) makes the following result impor-
tant. For this and the following, we endow G* with the push-forward of the
Haar measure m on G, which we again denote by m. Moreover, we identify a
function on G that is invariant under conjugation by all g € GG with a function
on G* and obtain in this way the inclusions C(G*) C C(@), LY(G*) € L*(G),
and L*(G*) € L*(G).

Proposition 5.49 (The centre of the convolution algebra). The centre
of LY(G) for the compact group G is given by Ll(Gﬁ). That is, f, € L'(G)
satisfies f, x 1 = = f. for all ) € LY(G) if and only if f. € L*(G*).

PROOF. We suppose first that f, € L'(G"), so that f.(ghg™") = f.(h) for
all g,h € G. For ¢ € L*(G*) we then have

fox(g) = / fulgt™ () dm(e) = / £ gy (€) dm(€) = ¢ = f(g)

for almost every g € G by the definition of convolution in (LI2]), as required.

For the converse, we suppose now that f,. € Ll(G) satisfies f,x 1 = f,
for all ¢ € LI(G). We wish to apply this to ¥ = A9, for some g € G
and an approximate identity (¢,,) as in Proposition In fact, using the
compactness of G we see that conjugation is uniformly continuous and so we
may choose a decreasing sequence (B,,) of neighbourhoods of e € G that are
invariant under conjugation and satisfy (1,5, B, = {e}. We set

_ 1 1t

for all n > 1. Also recall (LI4) and Exercise [[46] which we can express as
saying that

dox f=Nf
and
fedy=pyf
for all f € L'(G) and g € G. For f =4, and g, h € G this gives

(8y %) (h) = (g~ h) = ¥, (hg™ ") = (1, % 3,) (h).

By the assumption on f, and associativity of convolution in M (G), this gives
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(fc*ég)*wn :fc*((sg*wn) = (¢n*5g)*fc:wn*(5g*fc)
=v =v

Letting n — oo and applying Proposition [L42] we obtain f. * 0, = d, * f,
and so

Jolhg™) = p o (f) () = Ag(f) () = folg™'h)
for every g € G and almost every h € G, or equivalently
Felghg™") = f.(h) (5.17)

for every g € GG and almost every h € G.

Strictly speaking, the null set excluded in this statement may depend
on g € G, but one can replace f. by an equivalent function so that (GI7)
then holds for all g, h € G. We refer to [20, Prop. 8.3] or Exercise [5.501 This
proves the converse. (I

Exercise 5.50. Show that (5I7) for every g € G and almost every h € G implies that
there exists a null set N C G such that h € G\N implies (517) for almost every g € G,
and conclude that

fulh) = /G fo(ghg™") dm(g)

for almost every h € G.

Exercise 5.51. Generalize Proposition [£.49] to the measure algebra by showing that the
centre of M(G) is given by

M(G’u) = {p € M(G) | p is invariant under conjugation}.
For unitary representations of G we obtain the following consequence.

Proposition 5.52 (Unitary representations and the centre of L'(G)).
Let w be a unitary representation of the compact group G. Then the convolu-
tion operators m,(f,) for f. € Ll(Gﬁ) are equivariant. If € G, then (f.)
is a multiple of the identity on H,.

PROOF. Let 7 be a unitary representation of the compact group G, g € G,
and f, € L*(G*). Then

(m (g} = [7.0) g, ) dm(h)
— [1.6kg™ e, ()
— [1.667 K)o 0y ()
— [10) w0, 0) dm(e) = (g (£, o)
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for all u,v € H,, which implies that
Ty (fc)ﬂ—g = TgTy (fc)

for all g € G as required. For 7 € G the final conclusion follows from Schur’s
lemma (Theorem [[.27)). O

The following ‘projection’ from L*(G) to L*(G*) will be useful.

Lemma 5.53 (Averaging projection). Given the compact group G we
let A: L'(G) — Ll(Gﬁ) be the averaging projection defined by

A(f)(g) = /G £ (hgh™) dm(h)

for g € G and f € LY(G). Then A(f) = f for all f € L*(G*), and A(f) lies
in C’(Gﬁ) for all f in C(G). Moreover, for a finite-dimensional representa-
tion ™ of G we also have

. (A(f)) = /G mum, ()t dm(h)

for all f € LY(G).
PROOF. Let f € L'(G). Since g — f(kgk™") is integrable for all k € G
and m(G) = 1, Fubini’s theorem implies that the integral defining A(f)(g)

exists for almost every g € G and that ||A(f)]|; < ||f|:. By right-invariance
of m, we also have A(f) € L'(G*). If f € L'(G*) we have

flkgk™) = f(g)

for g,k € G, and so A(f) = f as m(G) = 1. The continuity of A(f) for f
in C(G) follows from dominated convergence.

Suppose now that 7 is a finite-dimensional representation of G and u, v
are in ‘H,. Then

(o (A(F))us0) / A(F)(9){myu, v) dm(g)
/ F(hgh™)(yu, v) dm(h) dm(g)
— [ 107,10, o) )
— [[ 10w mn; ) dml) )
= [z o) ame) = { om0y @i v).
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which gives the lemma as u,v € H, were arbitrary. O

5.5.3 Characters

In the context of non-abelian groups the following notion of characters is
important. We note however that these are not multiplicative characters (ex-
cept for some exceptional cases) as we have considered since Chapter [I and
particularly in Chapter

Definition 5.54 (Characters). Given a finite-dimensional representation p
of a group G the character of the representation p is the complex-valued
function x, defined by x,(g) = tr(p,) for g € G.

We note that for a finite-dimensional representation p of a group G
and g,k € G we have

Xp(kgk™ ") = tr(pppepr ) = tr(py) = X, (9),

which shows that the character of a representation can be considered as a
function on G*. Hence, if p is a continuous finite-dimensional representation
of a topological group, then X, is a continuous function on G*. Moreover, the
characters of two isomorphic finite-dimensional representations are equal. In
particular, if G is compact, then for every [r] € G we have a well-defined
continuous character X} = x. € C (Gﬂ).

The characters appear quickly when the averaging projection is applied.

Proposition 5.55 (Averaging). Let m be an irreducible representation of
the compact group G, and let wy,...,wy € H, be an orthonormal basis

of H,. Then we have
A(ﬂm,n) = %577’7,,77,)([71']

forallm,m e {1,...,d.}.

PRrROOF. Let m,n € {1,...,d,}. By the Schur orthogonality relations (Theo-
rem [0.38) we have for all k,£ € {1,...,d,} that

<7T*(dﬂ'm)wk7wf>7{ﬂ :/dﬂ'ﬂ—m,n(g) <7Tgwk7w€>fH dm(g)

™

~—_————
ﬂ'k,z(g)

= d7r<7rk,é77rm,n>L2(G) = 6km5fn' (518)

In other words, 7, (d,7,, ) is the elementary linear map that sends w,,, to w,,
and all other basis vectors to zero. In particular, the map

M, 5 ¢ = m.(d,8) € BH,) (5.19)
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is a semi-linear isomorphism.
By Proposition[5.37, the subspace M., C L*(@) is invariant under the left
and right-regular representations, which implies that

G> g— ()‘hflphflﬂ'm,n(g) = Trm,n(h’ghil))

belongs to M, for all h € G. Taking the integral over h € G as in the
definition of the averaging projection of Lemma [5.53 and applying the Schur
orthogonality relations (Theorem [£.38) we see that

F=A(m,,) = Zﬁuﬂk,e € O(Gﬂ)
k¢

for some matrix (84 ¢) € Maty_4 (C). Since 7, (d,. F') is equivariant by Propo-
sition [5.52] it follows by Schur’s lemma (Theorem [[L27)) that 7, (d,F) = al.
Together with the properties of the map in (5.I9), this gives 8; , = ady , for
all k,0 € {1,...,d.}, and so A(m,, ,) = @x[r. To calculate o we take the
trace in ‘H, and obtain

dra = tr(al) = tr(m,(d. F)) = tr(m(dTmn)) = O

by Lemma [.53] and the above description of the linear map w,(d,7,,,,)

s

in (5I8). This gives the lemma. O

The characters also have very special properties for convolution.

Corollary 5.56 (Convolution of characters). Let 7, p be irreducible uni-
tary representations of the compact group G. Then

_ 1
X[m] * X[x] = @, X[n]
and if [w] # [p] are inequivalent, then
X(m) * X[p) = 0-

PROOF. Suppose first that [7] # [p] € G are inequivalent. By Proposi-
tion 537 both M, and M, are two-sided ideals, which implies that

X[r] * X[p) € M) O My

for x () € M| and x|, € M|,. However, by the Schur orthogonality relation
(Theorem [5.38)) we have M) L. M, and hence X[ * X[, = 0.

For the former claim we let [7] € G and note that

= Xx) * Xr) € Mg

satisfies
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(A f) = T (deXa] * X)) = 72 (A X)) T (A X)) -
However, in the proof of Proposition we saw that
M, 2 ¢r— m,(dd)

is a semi-linear isomorphism sending x|, to the identity. This gives
m(d ) = 1

and so f = di X{n]> Which concludes the proof. (Il

Exercise 5.57. Let [7] € G be an irreducible representation of the compact group G.
Let 7, ,, for m,n € {1,...,d;} be as in the Schur orthogonality relations (Theorem [5.38]).
Calculate 7, ,, * 7, o for all m,n,k,£ € {1,...,d.}, and deduce the formula in Corol-
lary for X[] * X[ from this.

5.5.4 Dense Algebra

Corollary 5.58 (Dense algebra). For the compact group G the linear span
M(GH=(xx|[7] € G) = (Xp|p a finite-dimensional representation of G)
is a dense sub-algebra of C(Gﬁ) with respect to pointwise multiplication.

PROOF. The equivalence of the two descriptions of M(Gﬁ) is a consequence of
the fact that every irreducible representation is finite-dimensional by Theo-
rem[5.26] and since a finite-dimensional representation p has H, = @?:1 Hr,
for some irreducible representations 7y, ..., m, so that the character decom-
poses as

Xo = X, (5.20)
j=1

Suppose now that f € C (Gﬁ) and € > 0. Then by Theorem [5.40] there exist
finitely many irreducible representations 7y, ..., m, and vectors v, w; € ’ij
for j=1,...,n so that

Hf — Zajgogj,wj <e (5.21)
j=1

o0
for some ay,...,q, € C.

Applying the averaging projection A: C(G) — C(Gﬁ) from Lemma
we obtain the corollary. Indeed,
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T
A( o] w;) = BiX(x,)

for some 3; € C and j = 1,...,n. Hence

- ZaijX[wj] <g,

j=1 oo

which gives the corollary, as € > 0 was arbitrary.
To see that M(Gﬁ) is a sub-algebra we note that, for finite-dimensional
representations pq, po of G, we have

Xpy 20, (9) = tr(p1(9) @ pa(9)) = tr(p1(9)) tr(p2(9)) = Xp, (9)X,,(9)
for all g € G. (]

5.5.5 Characters as an Orthonormal Basis

Corollary 5.59 (Characters form an orthonormal basis). The charac-
ters Xix) for [7] € G form an orthonormal basis of L*(GY).

PROOF. For inequivalent [7] # ['] € G we have M, L M _: by the Schur
orthogonality relation (Theorem [5.38). With x, € M, and x,» € M_- this
implies that (x,.,X,’) = 0 (where it does not matter whether we take the

inner product in L*(G) or in L*(G*")). For a given [r] € G we have

Xp=T11+ Moo+ +7Tg g,

where as before 7, ,, = ¢,, ., for an orthonormal basis wy,...,wy_of H,.
Since ||7,, || = —— it follows that ||x,| = 1. By Corollary (.58 we know

Nm

that the collection x( for [r] € G forms an orthonormal basis of L*(G*). O

Exercise 5.60. What additional consequences about (d,; | [x] € G) can be derived from
Corollary 559 if G is finite? (See also Exercise [5.45])

5.6 Summary and Outlook

As we have seen in this chapter, unitary representations of compact groups
have many special properties, since

e all unitary representations are (at most countable) direct sums of irre-
ducible finite-dimensional representations;
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e the unitary dual is discrete; and
e the regular representation contains all irreducible representations with
prescribed multiplicity.

In the next chapter we will discuss the group SU,(R) as a particularly
important example for the material of this chapter, and in particular will
describe its conjugacy classes and its characters.

This will lead us to the topic of unitary representations of simple Lie
groups, which will be the topic of Chapters [l to
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