Chapter 6

Unipotent Dynamics and Ratner’s
Theorems

In this chapter we discuss unipotent dynamics and prove several special cases
of Ratner’s theorems. We will not discuss the history in detail, and refer to the
survey papers of Kleinbock, Shah and Starkov [88], Ratner [138], Margulis [111],
and Dani [25] for that. In particular, the order in which the material is developed
is not historical but instead emphasizes a logical development with the benefit
of hindsight.

6.1 Unipotent Invariance

Unipotent dynamics and Ratner’s theorem (as discussed in greater detail in the
next section) are of great importance for various applications. To see this we
explain how unipotent invariance may arise naturally in applications of various

types.

6.1.1 Factor Rigidity

For simplicity we let G = SLy(R) or G = SL3(R). Let I, I, < G be lattices
and write X; = G/I for j = 1,2. Moreover, let H = {u;, | t € R} be a
one-parameter subgroup.

Definition 6.1. A factor map from the action of H on X, to the action of H
on X, is a measurable almost everywhere defined map ¢: X; — X, such that

¢(up-x) = up-p(x) (6.1)

for every ¢t € R and almost every z € X; and ¢,mx, = my, . Moreover, ¢ is

called an isomorphism if there exists a measurable set X; C X of full measure
such that ¢| x/ Is injective.
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230 6 Unipotent Dynamics and Ratner’s Theorems

In general factor maps or isomorphisms are potentially indeed only measur-
able, of fractal nature, and may not respect (for example) topological dimension.
However, if H = U is a unipotent subgroup then factor maps are essentially al-
gebraic, and in particular are smooth maps. That is, the equivariance condition
in (6I)) along one direction of G forces good behaviour along all directions of G.
This is quite surprising and is an instance of a ‘rigidity’ phenomenon. The case
of G = SLy(R) is due to earlier work of Ratner [131] and more general cases
have been obtained by Witte Morris [172] using similar arguments.

Theorem 6.2 (Factor rigidity). Let X;, X, be as above, let U be a one-
parameter unipotent subgroup, and let ¢: X; — Xy be a factor map for U.
Then there exists an automorphism ¢: G — G whose restriction to U is the
identity map and some element p € G so that

P(g9I) = ¢(g)pls

Jor mx -almost every gI'. In particular, the lattices are related by

e(I) Cplyp !

and the factor map ¢ is an isomorphism if and only if Iy and I, have the same
covolume.

The proof of Theorem starts by encoding the map ¢ in terms of the
probability measure

H=He = (id, ¢)*mxl

on X; x X,. We note that pu is concentrated] on Graph(¢), meaning that

p1(Graph(¢)) = 1.

Moreover, the equivariance of ¢ in (61]) shows that p is invariant under the
action of (ug,u;) on X; x X, for u, € U. Ergodicity of this action follows as it
is measurably isomorphic to the action of U on X; with respect to mx . The
projection of u to X is ¢, (mx,) = mx,.

Theorem 6.3 (Ratner’s joining classification). Let u be a probability mea-
sure on X x Xy that projects to mx  and mx, under the coordinate projections
and that is invariant and ergodic under the action of (uy,u,) foru, € U. Then p
is the L-invariant probability measure on a closed L-orbit for a closed connected
subgroup L < G x G. Moreover, either L = G x G or L is the graph of an
automorphism ¢: G — G.

We will prove Theorems and [6.3] in this chapter and use the latter to
further understand all possible ‘abstract’ factors of U acting on Xj.

Exercise 6.4. Try to prove Theorem [6.3] using Theorem as a black box.

T We avoid saying ‘supported’ as we do not know whether Graph(¢) is closed.
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6.1 Unipotent Invariance 231

6.1.2 Oppenheim’s Conjecture

We note that for a linear form L in d > 2 variables it is easy to determine
whether L(Z%) C R is dense or not. In fact L(Z") is dense in R if and only
if L is not a multiple of a form with rational coefficients. As a generalization
Oppenheim [126] conjectured in 1929 that a non-degenerate indefinite quadratic
form @ in d > 5 variables that is not a multiple of a form with integer coefficients
has Q(Z") dense in R.

Raghunathan [130] noticed® in the mid 1970s the connection to homo-
geneous dynamics and, motivated by this, formulated far-reaching conjectures
concerning orbit closures for subgroups generated by unipotent subgroups. Mar-

gulis developed these ideas to prove the Oppenheim conjecture in the following
stronger form in 1986 [112].

32)

Theorem 6.5 (Margulis’ solution of Oppenheim conjecture). Let Q be a

non-degenerate indefinite quadratic form in d > 3 variables that is not a multiple

of a form with integer coefficients. Then Q(Zgrim) is dense in R, where

Zgrim = {’U = (vla N '7/Ud)t € Zd | ng(vlv s 7vd) = 1}
We will prove Oppenheim’s conjecture later, but for now let us point out that

it also follows quickly from the following dynamical result.

Theorem* 6.6 (Orbit closure by Dani-Margulis). Let

Qo(@1, 09, m3) = 25 — 21125
and H = SOgq, (R)°. For any z, € X3 either H-xq is closed or H-z, is dense
in X3.

We note that an orthogonal group in 3-dimensions is 3-dimensional. More-

over, SO 1 (R) is locally isomorphic to SLy(R). To see thid] consider the adjoint
1

representation of g € SL,y(R) on the Lie algebra sly(R) by v — gvg™ " and
the indefinite quadratic form detv = —a* = be for v = CCL _b . This shows

that H = PSLy(R) is simple and generated by unipotent one-parameter sub-
groups.

We have chosen the above quadratic form @, so that its corresponding or-
thogonal group SOy, is easy to work with. For instance, SOg (R) contains the
diagonal matrices of the form diag(a,1,a™") for a € R*. Moreover, it contains
the unipotent one-parameter subgroup

2

1t%
1 ¢ teR » <SOgq, (R).
1

T This is an instance of a low-dimensional accident: In essence there is only one real non-
compact simple Lie algebra of dimension 3 up to isomorphism.
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232 6 Unipotent Dynamics and Ratner’s Theorems

To see this we calculate

e s
1t2 xl I1+t1172+2$3
Qo (| 1t ]{z2]]=CQ Ty + g
1 T3 ./L'g

= (1172 + t$3)2 — 2(171 + tIQ —+ %t2$3)$3
= :vg + 2txoxs + t2:v§ — 22123 — 2txo23 — t2:v§

=25 — 23,25, (6.2)
Similarly, we also have

1
t 1 ] €80q,(R)

t
Ll

for ¢t € R. Finally we note that the Lie algebra elements corresponding to the
diagonal group and these two one-parameter unipotent subgroups can be chosen
to match the sly-triple (2.6) on page 65.

PROOF THAT THEOREM IMPLIES THEOREM FOR d = 3. Suppose first
that @ is a non-degenerate indefinite quadratic form in d = 3 variables and
is not a multiple of a form with integer coefficients. By our discussion of sig-
natures of quadratic forms in Theorem 3.5 it follows that there exist A\ € R*
and gy € SL3(R) so that Q = AQg o gy. In particular, Q(Zgrim) = AQy (gOZgrim).
We define z, = goZ° € X3, H = SOgq, (R)?, and consider the two cases in
Theorem 6.0

DENSITY IMPLIES DENSITY. Suppose that the orbit H-x, is dense in X;. Fix
100

somea € Randsetg= [ 0 10| sothata € Qo(ngrim). If now h € H is such
—a01

that h-x is very close to x then the values in )\QO(QOZgrim) = )\Qo(hgoZgrim) can

be used to approximate Aa = AQ(ge;) arbitrarily well. In other words Q(Zirim)
is dense in R.

CLOSED IMPLIES RATIONALITY. Suppose now that the orbit H.zy is closed.
As SO, 1 (R)° = PSLy(R) is non-compact and simple, Theorem 4.18 applies and
shows that H.z actually has finite volume. By Borel density (Theorem 3.50)
it follows that go_ngo N SL,4(Z) is Zariski dense in go_l SOgq, 90 = SOq. We
now show that this implies that a multiple of @ has integer coeflicients, giving
a contradiction to our assumptions.

We start by showing that the linear hull (Qg) of Qo (1, Zq, z3)") = 25 —22, x5
is the subspace of all quadratic forms ¢ satisfying go h = ¢ for all h € H.
Indeed for a = diag(e,1,e ') € H every quadratic monomial is an eigen-
vector but only z;z3 and x; have eigenvalue 1. Hence g o a = ¢ implies
that q((xl,xQ,xg)t) = a:vg + Bxyx5 for two scalars « and B. Going through
the calculation in ([G.2]) that H contains the unipotent elements u, again, we
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6.1 Unipotent Invariance 233

see that the required cancellation of term in the expression g o u, only happens
if 8= —2a.

By conjugation with g, we also see that the linear hull (@) of @ is the subspace
of all quadratic forms ¢ satisfying go h = ¢ for all h € SOg(R)?, or equivalently
for all h € SOg(R)? N'SL3(Z). As the latter are rational equations that have a
nontrivial solution, we obtain that a multiple of @) has integer coefficients. [

One may wonder why it might be advantageous to study three-dimensional
orbits inside the eight-dimensional space X5 in Theorem to prove a mere
density statement in R as in Theorem As a partial answer to this we note
that the set Q(Z?’) C R has very little structure and, in particular, has no invari-
ance properties. However, in the eight-dimensional X3 applying the orthogonal
group to a lattice does not change the values of the quadratic form. Moreover,
as the quadratic form is indefinite we obtain in this way the powerful tool of
unipotent invariance.

Exercise 6.7. Show that Oppenheim’s conjecture cannot hold for binary quadratic forms
(that is, forms in two dimensions). For this let @ € R be badly approximable with o’ ¢Q
and consider the form z° — o’y® = (z — ay)(z + ay).

6.1.3 Distorted Orbits

In Sections 5.4-5.7 we have seen the importance of studying ‘distorted orbits’ of
the form gH.I" while varying gH € G/H. We wish to explain—under suitable
assumptions—why weak* limits of the Haar measures on such distorted orbits
often have unipotent invariance.

Lemma 6.8 (Unipotent invariance for limits of distorted orbits). Let G
be a closed linear group, I' < G a lattice, and H < G a closed subgroup with
Lie algebra by = Lie H so that 'NH < H is also a lattice. We assume moreover
that (a,,) is a sequence in G with

lim [|Ad,, [o]| = oo. (6.3)

Then any weak™ limit of the Haar measures on a,H-I" inside X = G/I" is
invariant under a one-parameter unipotent subgroup.

PROOF. We assume without loss of generality that the Haar measures m, g.r
on a,H-I' converge in the weak* topology to a measure p. By the assump-
tion (6.3 there exists a sequence (v,) in b so that v, — 0 but [|Ad, v,| =1
for all n > 1. By choosing a subsequence once more we may assume that Ad, v,
converges to an element w in the Lie algebra g of G. Let f € C,(X) and t € R.
Then

f(exp(tw)-z) du(z) = nlilrgo / f(exp(tw)-z) dm, p.r(z)
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234 6 Unipotent Dynamics and Ratner’s Theorems

by definition. Moreover, d(exp(tw),an exp(tvn)agl) — 0 as n — oo. Hence
uniform continuity of f allows us to replace exp(tw) by a,, exp(tv,)a, ", giving

n—oo

/f(exp(tw)-:v) dp(z) = lim | f(a, exp(tv,)a,’ -x) dmy g.r(z)

-1
€a,Ha,

lim [ fdmg = / fdu,
n—o00 "

where we have used the fact that m, g.r is invariant under a, Ha,, ', As the
function f € C,(X) and t € R were arbitrary we deduce that p is invariant under
the one-parameter subgroup determined by w. Finally note that the eigenvalues
of w = lim,_, Ad, v, vanish as lim,_,,, v, = 0 and the conjugation Ad,
does not change eigenvalues. 0

We note that Lemma [6.8 and the powerful theorems due to Ratner from the
next section can be used for proving equidistribution (and counting) results in
situations where the banana mixing argument from Chapter 5 does not apply.

6.1.4 Orbits Arising From Expanding Curves

We wish to explain another way in which unipotent invariance may arise. For
this we suppose that Z C R is a compact interval and that v: Z — R? has
continuous second derivative. We also assume that 7'(s) # 1 for s € Z and
that Z 3 s — g, € GL4(R) is continuous so that g,y'(s) = e, for all s € Z. We
identify g € GL4(R) with

((det 9" g) € SLy (R)

to simplify the notation. For v € R? and ¢t € R we also define U, = (1 >

’UId
i
and a; = ( tI>'
d

Lemma 6.9 (Twisting trick, first step). Let 2y € X, ;. Using the above
assumptions and notation, any weak™ limit of

1
m/z(satgsu’y(s)xo dS (64)

for t — oo is invariant under the one-parameter subgroup U = {u,, | 7 € R},

PROOF. Let f € C.(X441), 7 € R, and ¢ > 0. We define £ = 1 + % and note
that atuvafl = u -t for v e R?. Then we have
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6.1 Unipotent Invariance 235

/If(urelatgsu’y(s)xO) ds = / f(atue*’“Te gsu'y(s)xO) ds

/f OGsUe=rtr " ()4~ (s) T o) ds

by the way a, and g, interact with u, . Fixing r and thinking of a large ¢t > 0,
we have

A(s) + ey (s) = (5 + ) + ()

for an error term £(s) = ¢, ,(s) = O(e” *")

uously differentiable. Let

as <y is assumed to be twice contin-

7' =1n (I T e*z‘“tr)

which (for fixed € R and large ¢ > 0) is basically equal to Z. We let

/ —Kt
s =s+e "p

for s € Z, and obtain

/f relatgs 'ys)IO dS—/ f atgsu +€ S)IO)dS/_FO(TeiKt)'

We now take the error term £(s) and again move it across g, (which will rotate
and mildly stretch or contract it) and a, (which will expand it) to the left.
Defining €. (s) = g5&(s), we obtain

/If(urelatgsuv(s)xo) ds = /I,f(uemanew(S)atgsuv(sl)) ds’ + O(Te_’it).

As £(s) = O(e "), we know that

Kt

e e ew(8) = O(e_"/”t)

is tiny. Using continuity of f, we see that the term wu_ne_ () does not change
the value of f much. For a weak* limit p of (64) as t — oo this shows that

/f Upe, T) dp( /fdu

As f € C,(X441) was arbitrary, it follows that y is invariant under U, as desired.
([l

Suppose now we can use unipotent magic (meaning Ratner’s theorem and re-
lated results) to show that the measures in (6.4]) equidistribute. We next explain
what this has to do with the expanded curves a,u. sz, for s € 7.

Lemma 6.10 (Twisting trick, second step). Suppose now in addition that
for any interval I and any xy € X1 we have
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236 6 Unipotent Dynamics and Ratner’s Theorems

1
m . 5%95“7(5)10 ds — UDTeE

Then for any interval T and xy € X441 we also have that

1
m . 5atuw(s)$0 dS — mxd+1 .

In other words, the additional matrix g, that was so helpful above to obtain
unipotent invariance can simply be forgotten.

Proof of Lemma 610l Let € > 0 and f € C.(Xq41). By the assumed continuity
of the map Z 5 s — g,, the function Z x Xz, 3 (s, ) — f(gglx) is uniformly
continuous. Hence there exists some § > 0 so that

flgsle) — flgs, )| < e (6.5)

whenever x € X1 and s;, sy € Z satisfy |s; — sp| < 0.

We split Z into finitely many sub-intervals Z, for £ =1, ..., L of equal length
and length less than §. Using the assumed equidistribution for each of these inter-
vals, the above continuity property of f, and the fact that g, commutes with a,
we can now obtain the desired conclusion up to 2e. Indeed, fix some s, € Z,
for £ = 1,...,L and apply our assumption to the interval Z, and the func-
tion Xg,1 > — f(g;;:z:). As my,, 1s invariant under g, , we therefore have

<e€

1 ~1
m /Ie f (gse gsatu’y(s)'x0> ds _‘/X fdedJrl

d+1

for ¢ =1,..., L and all sufficiently large ¢. Now we may use the estimate (G.3])

for ¥ = gsa,uy (4o, 8,80 € Iy, and £ =1,..., L to obtain
7 [ 1 jas— [ g
— a4l () To) ds — my
17l J; tYy(s)0 Xoon d+1
1 1
1Y [ s g ds - [ pdmy
L ; |Z,| /ze ) Xai1 o
1 (1
S Z Z (m/ f(g;glgsatuw(s)"TO) ds — fded+1> +e
=1 ¢ JI, Xat1
< 2e

for all sufficiently large ¢t > 0. As f € C.(Xq41) and € > 0 were arbitrary, we
obtain the lemma. |
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6.1 Unipotent Invariance 237

6.1.5 Totally Geodesic Submanifolds in Hyperbolic Quotients

(to come)

6.1.6 Integer Points on Spheres

We end this motivational section with another application of Ratner’s theorem
in the context of integer points on spheres. For this fix d > 2 and let D > 1 be
an integer such that

d—1 1
S (D) { \/Ev
is non-empty. Then one can ask about the behaviour of this finite set as D — oco.
For d = 2 this question is related to factorization in the Gaussian integers Zl[i]
and, if D = p is a prime congruent to 1 modulo 4, the set Sdil(p) contains 8
points. It follows that we cannot expect density or equidistribution as D — oo.

For d = 3 this problem has been studied by Linnik using the so-called ‘ergodic
method” under a congruence condition on D, with many subsequent develop-
ments.®® In a sense this is the most difficult dimension in which to study the
problem. The full equidistribution theorem for §?(D) is the content of Duke’s
theorem [39], proved using analytic number theory and a breakthrough result
of Twaniec [77].

For d > 4 the distribution problem of Sdil(D) is easier to study by various
methods. In particular, it can be approached using unipotent dynamics, and
this was done by Aka, Einsiedler, and Shapira [2]. We note that for d = 4 the
set S471 (D) is non-empty precisely when D is not divisible by 8, and that for d >
5 it is non-empty for every D € N. Below we always restrict to the set of D € N
for which S*~(D) is non-empty. For v € S*~(D) the intersection v NZ% is a
lattice in the (d — 1)-dimensional subspace v, After rotating this hyperplane
to R*™! x {0} and rescaling the lattice one obtains for each v € S*"*(D) an
clement [vt N Z% € SO,_; (R)\X,—the ‘shape’ of the lattice v= N Z% in the
orthogonal complement of v.

v € Ly, 0] = @}

Theorem 6.11 (Equidistribution of integer points and their orthogonal
shapes). For d > 4 the set

{(v, [vJ‘ N Zd])

equidistributes as D — oo for d > 4 and with D € N\8N for d = 4.

ve Sd_l(D)} c s %80, 1 (R)\Xa

It should be surprising that unipotent dynamics can be useful for this
problem. Indeed the homogeneous space S is associated to its isometry
group SO,4(R), which is compact and contains no unipotent elements. However,
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238 6 Unipotent Dynamics and Ratner’s Theorems

it is possible to define an enlarged locally homogeneous space by using Q,, for the
prime p = 5 (for example). In this enlarged space one can find one-parameter
unipotent subgroups (with the parameter belonging to Q,,) and apply theorems
of Ratner [137] or Margulis and Tomanov [113] (see Chapter 10). We also note
that in [2] a congruence condition on D was assumed for d € {4,5}, but that
this condition is unnecessary due to an observation by Michael Bersudsky.

6.2 The Main Theorems

We let X = G/I", where G is a closed subgroup of SL;(R) and I' < G a lattice.
Let
U={u, | seR} <G

be a one-parameter unipotent subgroup of G. Then the U-invariant probabil-
ity measures on X can be completely classified. This was conjectured by Dani
(in [20, Conjecture I], as an analogue of Raghunathan’s conjecture, which will
be described below) and proved by Ratner [132], [133], [134]. As it turned out,
this was a powerful starting point for the other results that follow.

The classification results will generally take the form of asserting that an
initially unknown measure has ‘algebraic structure’: A probability measure u
on G/I' is called algebraic, homogeneous, or periodic if there exists a closed
connected unimodular subgroup L with U < L < G such that p is the L-
invariant normalized probability measure on a closed finite volume orbit L.z

(for any xg € supp p).

Theorem* 6.12 (Dani’s conjecture and Ratner’s measure classifica-
tion). If X = G/I" with I" discrete and U = {u, | s € R} < G is a one-
parameter unipotent subgroup, then every U-invariant ergodic probability mea-
sure pu on X is algebraic.

In this result (unlike the following ones), it is sufficient to assume that I’
is discrete or even just closed. Theorem 5.18, Theorem [6.12] and the general
non-divergence property of unipotent orbits in Chaper 4 suggest other results.
Ratner [135] generalized all of these results in the following theorem.

Theorem* 6.13 (Ratner’s equidistribution theorem). Let I" be a lattice,
let X = G/TI', and let U = {u, | s € R} < G be a one-parameter unipotent
subgroup. Then for any zy € X there exists some closed connected unimodular
subgroup L < G such that U < L,

e L.xg is closed with finite L-invariant volume, and

e 1
N T/@ fugezg)ds — m/L-xofdmL% as T — oo for any func-

Vo
tion f € C.(X).
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6.2 The Main Theorems 239

It is interesting to note that Theorem in particular implies that any
point z € X returns close to itself under a unipotent flow. That is, for any
one-parameter unipotent subgroup {u, | s € R} and any € X there is a se-
quence (ty)g>; for which ¢, — co and d(z,u, -x) — 0 as k — oo. This close re-
turn statement is of course incomparably weaker than Ratner’s equidistribution
theorem, but even this weak statement does not seem to have an independent
proof to our knowledge.

Theorem [6.13] also suggests that the closures of orbits under the action of
a unipotent one-parameter subgroup should have some algebraic structure. A
more general version of that statement is the famous conjecture of Raghu-
nathan®®® that motivated all of the theorems above, and was proved by Rat-
ner [134] using the above results as stepping stones. The orbit closure H.x
of a point x; in G/I" under the action of a closed subgroup H is similarly
called algebraic, homogeneous, or periodic if there exists some closed connected
unimodular subgroup L with H < L < G such that H-z, = L-xg, and L.z,
supports a finite L-invariant measure.

Theorem* 6.14 (Raghunathan’s conjecture; Ratner’s orbit closure
theorem). Let I' be a lattice, let X = G/I', and let H < G be a closed
subgroup generated by one-parameter unipotent subgroups. Then the orbit clo-
sure of any z, € X is algebraic.

It is also interesting to ask what the structure of the set of all probabil-
ity measures that are invariant and ergodic under some unipotent flow really
is. This generalizes the theorem of Sarnak (Theorem 5.8) concerning periodic
horocycle orbits. At first sight, one might only ask this out of curiosity or to
satisfy the urge to complete our understanding of this aspect of these dynamical
systems. However, this line of enquiry turns out to be useful for applications to
number-theoretic problems (for example, asymptotic counting results). A satis-
fying answer to this question is given by Mozes and Shah [123].

Theorem* 6.15 (Mozes—Shah equidistribution theorem). MLet I" be a
lattice, let X = G/I", and let (H,,) be a sequence of subgroups of G generated by
unipotent one-parameter subgroups. Let u,, be an invariant ergodic probability
measure for the action of H,, for all n > 1. Assume thatfl ty, — 1 in the weak*-
topology as n — co. Then either ;1 = 0 or y is an algebraic measure, where in
each case more can be said:

(a) If p = 0 then supp p,, — o0 as n — oo in the sense that for every compact
set K C X there is an N with suppu, N K = & forn > N.

(b) Otherwise ju = mp,, is the L-invariant probability measure on a closed finite
volume orbit L.y for the closed connected group L = Stabg(u)? < G. More-
over, 4 is invariant and ergodic for the action of a one-parameter unipotent

T This version differs from the theorem in the paper, but should follow from it. Awaiting a
decision: Will it be proven here from scratch or using their theorem?

i By Tychonoff-Alaoglu there always exists a subsequence that converges.
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240 6 Unipotent Dynamics and Ratner’s Theorems

subgroup. Furthermore, suppose that x,, = ¢,,-x € supp p,, for n > 1 and
some x € X with ¢, — I as n — oo, and suppose the connected sub-
groups (L,) satisfy p, = my , forn > 1. Then Lz = Ly = supp p and
there exists some N with aganan CLforn>N.

The additional information in each case is useful in applying this theorem.
According to (a), once we know that for every measure p,, there exists some
point x,, € supp u,, within a fixed compact set, the limit measure is a probability
measure.

In (b), if we know that H, = H for all n > 1, then L has to contain H and
the conjugates ¢, 'H €, as in (2). Together this often puts severe limitations
on the possibilities that L < G can take, and sometimes forces L to be G.
This situtation arises, for example, if we study long periodic horocycle orbits,
or orbits of a maximal subgroup H < G. In any case, the final claim of (b)
says that the convergence to the limit measure my., is almost from within the
orbit L.z. In fact, after modifying the measures in the sequence only slightly by
the elements ¢,, we get

supp((€n)+ #in) = €' Lty = €5 Lyepw C Lo = Loy = supp i
forn > N.
We will prove special cases of the theorems above.

6.2.1 Rationality Questions

A natural question is to ask which subgroups L < G appear for a certain
choice of one-parameter unipotent subgroup U < G and x € X = G/I". In this
section we explain how this kind of question is intimately related to questions
of rationality.

This relationship is elementary in the abelian setting of G = Rd, I' = Zd,
and U = Ru for some v € R?. In this case L is independent of

zeX=T"=RY2z2"

(and one should only expect this independence for abelian Lie groups). More-
over, L is the smallest subspace of R? that can be defined by rational linear
equations and contains U = Rwv. This claim follows quickly from the special
case where no such L # R? exists. Under this assumption, {tv | t € R} is
equidistributed, as may be shown for example by integrating the characters
of T?.

To start to see the possibilities in the general case, consider the special case

w={()
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and Xy = SLy(R)/SLy(Z), which we already understand in some detail (see
Section 1.2, Chapter 5, and [46, Sec. 11.7]). If z = gI" for some

_fab

then L = U, and otherwise L = SL,(R). In order to be able to phrase this in
terms of a rationality question, notice that x € X determines a geodesic in the
upper half-plane (where we choose for example the base point in our fundamental
domain, as illustrated in Figure [6I)). Then L = U if the forward end point of
the geodesic & € RU {oo} is rational, meaning o € Q U {oo}, and L = SLy(R)
otherwise. This dichotomy is independent of the chosen representative within
the orbit SLy(Z)-(z,v).

Fig. 6.1: The geodesic determined by =x.

In general the answer is given by the following result found by Borel and
Prasad [11]. A more general version of this result was obtained more recently
by Tomanov [161].

Theorem* 6.16 (Borel-Prasad). Let X; = SL;(R)/SLy(Z), x = gI" € X,
and U < G a one-parameter unipotent subgroup (or H < G a closed subgroup
generated by one-parameter unipotent subgroups). Then the group L appearing
in Theorems and (respectively Theorem [6.14) is the connected compo-
nent of gF(R)g ™", where F(R) is the group of R-points of the smallest algebraic
group F < SL, defined over Q for which gF(R)g™ " contains U (respectively H).

Similarly, the group L appearing in Theorem [G.15]is the connected component
of gF(R)g_l where x = gI" and F is the smallest algebraic group F < SL,
defined over Q for which gF(R)g ™" contains ¢, L,e,, " for n > N, where N is as
in Theorem

For this result, one needs some understanding of the mechanisms that make
orbits F(R) SL4(Z) of Q-groups closed or not closed, and the Borel density the-
orem. In the setting of I' = SLy(Z) < G = SL4(R), which contains all other
arithmetic quotients even over number fields if we allow d to vary, the connec-
tion to algebraic group theory described above puts additional constraints on
the possible structure of the subgroup L.
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For instance, the algebraic group F over Q must have the property that
the radical of F is equal to the unipotent radical of F. In the language of Lie
groups this implies that the radical of L, which by definition is only solvable,
is nilpotent. Another restriction is, for example, that L cannot be isomorphic
to PSLy(R) x SO5(R). This is because the unipotent group has to be contained
in PSL,(R) and the induced lattice L N g~ " SLy(Z)g cannot give an irreducible
lattice in PSLy(R) x SO5(R) as the direct factors are simple groups of different
types in the classification of complex Lie algebras and they cannot be exchanged
by a Galois action. On the other hand

L = PSLy(R) x SO4(R)

is a possibility since PSLy(R) = SO, ;(R)°, and a simple switch in the sign of
the quadratic forms (via a Galois automorphism) can interchange these groups.
We will discuss this and the required language further in Section 9.7.

6.3 First Ideas in Unipotent Dynamics

The structure of the proof of Ratner’s measure classification (Theorem [6.12))
involves studying

Stabg(p) = {9 € G | g.pp = p}

and showing that the measure p on X = G/I is supported on a single orbit of
this subgroup. This will often be achieved indirectly in the following sense: If p
is not supported on a single orbit of a particular subgroup H < G that leaves
the measure invariant, then one shows that the subgroup can be enlarged to
some H' > H so that the new subgroup H' also preserves /.

We also note that, in the setting of Theorem [6.12] once we have shown that
gives a single orbit of Stabg (i) positive measure, we actually obtain that u is
supported on a single closed orbit of Stabg(u)”.

Lemma 6.17. Let X = G/I" be a quotient of a closed linear group by a discrete
subgroup I'. Let H be a connected subgroup of G and let p be an H-invariant
and ergodic probability measure. If u gives positive measure to a single orbit of
its stabilizer subgroup Stabg (), then p is the Haar measure on a closed orbit
of the subgroup Stabg (u)°.

PROOF. If yi(Stabg(p)-xy) > 0 for some zy € X, then p(Stabg(p)-zg) = 1
by ergodicity. As the index of Stabg(u)? in Stabg (i) is at most countable,
there exists a point z; so that p(Stabg(u)’+z;) > 0. This implies once more
that p(Stabg(u)’+zy) = 1 as H is assumed to be connected. It follows that f is
the Haar measure on Stabg (p)’-x1, which is also closed by Corollary 1.36. [
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6.3.1 Generic Points with Parallel Orbits

We present in this section the basic idea for using generic points to show an
‘additional invariance’, which in a more specialized context goes back to work
of Furstenberg on the unique ergodicity of skew product extensions, leading

to the equidistribution of the fractional parts of the sequence (n20¢)n>1 for o

irrational.®*

Recall that x € X is said to be generic with respect to u and a one-parameter

flow {u, | s € R} if
1 T
T/o f (o) ds —» /deu

asT — oo for all f € C,(X). Using the pointwise ergodic theorem [46, Cor. 8.15]
and separability of Cy(X) one can easily show that p-almost every point is
generic if only p is invariant and ergodic under the one-parameter flow

U={u,|seR}
(see also Lemma [6.23] for a stronger claim).

Lemma 6.18 (Parallel orbits). If © and y = hex in X are generic for p
and h € Cq(U) ={g € G| gu=ug for allu € U}, then h preserves p.

th

h{y X =G/T

Fig. 6.2: If y = hex with h € C(U), then the two orbits are parallel. If in addition
both = and y are generic, then the orbits equidistribute (that is, approximate ),
which gives Lemma [6.18]

PrOOF OF LEMMA [6.18 We refer to Figure 6.2 for a depiction of the proof. We

know that T’
1
[ fends— [ ran
0 X

for any f € C,(X). On the other hand
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T T
7| s =g [ puee)as

1 T
= —/ f(he(ug-x)) ds (since h € Cg(U))
TJy Y——=
£ (ugez)
— / M
b's
where fh: X 3 z +— f(h-z). As this holds for any f € C,.(X) we see that p
is h-invariant. |

Lemma [6.18 seems (and is) useful, but it can only be applied in very special
circumstances as the centralizer is usually very small, and we would need to be
extremely fortunate to find two generic points bearing such a special relation to
each other.

6.3.2 Factor Rigidity for Quotients of SL3(R)

Following Witte Morris [172] we wish to prove the Factor Rigidity Theorem
for the case G = SL3(R). For this we note that SLs(R) contains up to con-
jugation two fundamentally different one-parameter unipotent subgroups: One
defined by the Lie algebra element x5 in (2.5) and one defined by x5 in (2.6). The
result holds for either of the two. In the proof it will be useful to even allow fac-
tor maps between these two types of one-parameter unipotent subgroups—even
though we will see in the end that no such factor maps exist.

We let G = SL3(R), let I, I, < G be lattices, and define X; = G/I
for j = 1,2. Let U; = {u;(t) | t € R} < G be a one-parameter unipotent
subgroup for j = 1,2. Finally, suppose that ¢: X; — X, is a measurable map
defined almost everywhere with respect to the probability measure my satis-
fying mx, = ¢.mx, and

¢ (ug (b)) = us(t)-¢(x) (6.6)

for t € R and almost every x € X;. As in Section [G.I.T] we use ¢ to define the
probability measure p = (id, ¢),mx, on X; x X, concentrated on Graph(¢).

By (60) the measure y is invariant under (u,(t),u(t)) for ¢t € R. Ergodicity
of p for this action is inherited from ergodicity of my, under U;.

Lemma 6.19 (Partial homomorphism). The closed subgroup

L = Stabgyx (k)

is the graph of a homomorphism p: H — G defined on a subgroup H < G.
For h € H acting ergodically with respect to myx, we have that o(h) also acts
ergodically with respect to my, .
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PROOF. Suppose (h, ¢) € L for some h,£ € G. Then (h, £) preserves p and hence
sends the set Graph(¢) (which is of full measure) to itself up to a null set.
Equivalently,

p(hez) = L-¢(x) (6.7)

for my -almost every z € X.
Suppose now in addition that h = I. Then

t-gp(x) = o(I-x) = ¢(x)

for m, -almost every z € X;. Using ¢,mx, = my, this gives lgl, = I}
for mx -almost every gI', € X,. By continuity it follows that g_lfg e I, for
all g € G, which in turn implies ¢ € I, N Cg. However, for G = SL3(R) the
centre Cg is trivial. Summarizing, we have shown that (I,¢) € L implies £ = I
also. Setting H = m(L) (the projection onto the first coordinate) we obtain
that L = Graph(yp) for a homomorphism ¢: H — G.

Suppose now that £ = ¢(h) does not act ergodically with respect to myx,.
Then there exists a non-trivial ¢-invariant subset B C X,. Taking the pre-image
under ¢ we obtain together with (67 a non-trivial h-invariant subset in Xj.
That is, h does not act ergodically with respect to my . O

By our initial setup in (G.6) we know that ¢ is defined on U; C H
and @(uy(t)) = uy(t) for t € R. Our goal is to show that ¢ is actually de-
fined on all of G. This is achieved in several steps, with the following lemma
being the key.

Lemma 6.20 (Centralizer). We have Co(U,)° C H and
©(Ce(U,)°) C Ca(Us)°.

PROOF. We are going to use several sets of almost full measure. Let X,
be the set of points = € X, such that (z,¢(z)) € Graph(¢) is generic
for {(uy(t),us(t)) | t € R}, and we note that my (X,e,) = 1. By Lusin’s theo-
rem there exists a compact set Xpp C X; with myx (Xyp) > 0.99 on which ¢ is
defined and continuous. This implies in particular that ¢(X ) is compact. The
maximal ergodic theorem for U; acting on X; shows that the set

Xyr = {x €X, ] 1{t € 0,T) | uy(t)ox € Xpp}| > 2T for all T > o}

has mx (Xygr) > 0.9 (we are again using |A| to denote the Lebesgue measure
of a set A). As X X ¢(Xpr) is compact there exists a uniform injectivity
radius 7 on it.

Note that

Py (1) = us(t)gua(—t) — 1|

is, for any fixed g € G, a polynomial in ¢t € R. Moreover, there is a uniform
bound 2D on the degree of this polynomial. Applying the Remes inequality in
Lemma 4.8 gives some ¢y > 0 so that for any 7' > 0 and g € G we have
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[{t € 10,77 | llpg(t)ll2 < €ollpgllroe }| < 757

where [|pgll7,0c = SuPseo, 1] [Pg(t)[l2- We convert this into geometric terms as

follows. There exists ¢ > 0 such that if 2’, 3 = g-’ € X5, and T > 0 is minimal
such that d(ug(T)gugl(—T), I) =r, then

{t € 10.77 | ws(t)a’, uat)y’ € 6(Xuw), d(wa(t)e’ s us(B)y) < e}| < T (638)

Fig. 6.3: We study two orbits that are completely parallel and close together in
the domain X;. Moreover, they spend together 80% of their time in a Lusin set
for ¢. This gives for the orbits of their image that for 80% of the time they are close
together (the gaps in the orbits indicate our incomplete knowledge about other
times).

As ¢|x, . is uniformly continuous, there exists some ¢ € (0,7) so that if
z,y = hx € Xy

and Xm ($7y> = dG(Iv h) < ¢ then dX2 (¢(I)a ¢(y)> <E.
We now suppose that hg € BgG(Ul). Note that

’I’TL)(1 (chn n XLT n XMET) > 08
and hence there exists some
-1
2o € Xgen N Xpp N Xyer N Ao (Xgen NXprN XMET)-

Using the definition of X1, ¢ > 0, and hy it follows that ¢(hg-z) = go-@(xg)
for some gq € G with dg(gg,I) < e. We claim that gq € Cq(Us).
Using the claim and the fact that (xg, ¢(zg)) and

(ho-zo, d(ho-x0)) = (ho, go)+(z0, (o))
are generic, Lemma [G.I8] implies that (hg,gy) € L preserves p. As any neigh-

bourhood of I € Cg(U,) generates a subgroup containing C(Us)® the claim
implies the lemma.
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To prove the claim we suppose that g ¢ Cg(Us,). This implies that ¢(z)
and gg-¢(xy) have orbits that eventually move away from each other. Therefore
we can find a minimal T > 0 satisfying (G.8). This leads to a contradiction by
the following argument. The bound (G.8]) says that only 10% of all ¢ € [0, T'] have
the property that the images of ¢(xy) and of ¢(hg-zy) = god(xy) under uy(t)
belong to ¢(Xy) and have distance apart less than €. However, the definitions
of X;1 and Xy g together with the equivariance of ¢ show that this holds for
at least 80% of all ¢ € [0, T7. O

PROOF OF THEOREM FOR G = SL3(R). Let ¢: X; — X, be a factor
map for U as in the statement of the theorem. We define u = (I x ¢),my,
and apply Lemmas and For the following it is necessary to know the
centralizers of the one-parameter unipotent subgroups. For a root unipotent
subgroup, say U; 3 = {u; 3(t) = I +tE; 3 | t € R} the connected component of
the centralizer is four-dimensional and is given by

a * k

H173 = CG(ULg)O = a_2 * a > 0

On the other hand, for the ‘long’ unipotent subgroup Uy, < SO9 1(R) (defined
by the Lie algebra element x5 in (2.6)) the centralizer is two-dimensional and is
given by

1t =
Hlong = OG(Ulong)O = 1t teR, = UlongUl,S-
1

We leave these two claims as exercises but note that U; 3 is normalized by the full
diagonal subgroup, which implies the same for H; 3. This helps in the argument
needed.

This already implies that a factor map from the U, s-action to the Ujgyg-
action cannot exist: In this scenario the partial homomorphism ¢ would be
defined on the four-dimensional subgroup H; 3 with ¢(H; 3) belonging to the
two-dimensional Hj,,e. This contradicts the final claim in Lemma

Suppose now that ¢ is a factor map for the action of Uy,,, on both spaces.
Then ¢ is defined on U; 3, which implies that ¢ is also a factor map from
the action of U; 3 on X; to the action of p(U; 3) on X,. By the previous para-
graph ¢(U; 3) cannot be conjugated to U,,e, which implies that it is conjugated
to Uy 3 instead. This allows us to reduce the case of Uy, to the case of Uy 5
considered next.

Suppose therefore that ¢ is a factor map for U; 5 (acting on both X; and X5).
Applying Lemmas and we obtain that ¢ is defined on the four-
dimensional H, 5 satisfying o(H; 3) € H; 3. Now notice that the commutator
subgroup of H; 3 is given by
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1 % %
[H1,37H1,3} = 1=
1

Hence ¢ sends the upper-triangular subgroup to itself. In particular, ¢ is de-
fined on the unipotent one-parameter subgroups U; o and U, 3, with (U o)
and (U, 3) again two one-parameter unipotent subgroups. Applying the cen-
tralizer Lemma [6.20] twice more shows that ¢ is also defined on Us 5 (commuting
with Uy ) and U,y (commuting with U, 3). However, as U, 3, Uy 5, U 3, Us o,
and U, together generate SLj(R) we see that ¢ is defined on all of SL3(R):
For every g € SL3(R) we have

P(g-x) = ¢(9)9(x)

for my -almost every x € X;. Applying Fubini’s theorem we find some z = hy I}
and ¢(x) = hyl so that

¢(9h1F1) = @(Q)hQFQ

for mg-almost every g € SLy(R). Replacing g by ghy ' and setting

p=p(hy)) 'hy

we can also write this as
o(gI) = ¢(g)pl

for mg-almost every g € SL3(R). For g and gv;, with ~; € I'} this also implies

o(9)pIls = p(gy1)pls

or, equivalently,
-1
p(11) € plop .

6.3.3 Polynomial divergence leading to invariance

Let U = {u(s) | s € R} be a unipotent one-parameter subgroup of G,
then Ad, ) is unipotent for all s € R and is a (matrix-valued) polynomial in s.
This polynomial (as opposed to exponential) structure of unipotent subgroups
has the following consequence. Given a nearby pair of points x and y = e-z,
let v = loge and consider the g-valued polynomial Ad,(v). For very small
values of €, this polynomial is close to zero in the space of all polynomials. How-
ever, if we choose a large ‘speeding up’ parameter T' then we may consider the
polynomial
p(r) = Ady oy (v)
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in the rescaled variable r € R. Assuming the original polynomial is non-constant
(equivalently, & does not lie in Cq(U)), we can choose T precisely so that the
polynomial p above in the variable r belongs to a compact set of polynomials
not containing the zero polynomial. In fact, if 7" > 0 is the smallest number
withl || Ad,, ) (v)]| = 1, then

sup ||p(r) = 1.
rel0,1]

Moreover, p is a polynomial of bounded degree. Notice that this feature—that
this acceleration or renormalization of a polynomial is again a polynomial from
the same finite-dimensional space—is speciﬁcﬁ to polynomials and hence to
unipotent flows.

In order to state the principle that gives additional invariance, we will need
the following refinement of the notion of genericity.

Definition 6.21 (Uniformly generic points). A set K C X is called a set
of uniformly generic points if for any f € C.(X) and € > 0 there is some

1 T
7 [ rwenas= [ ran
T 0 X

forall T > T, and all x € K.

<e

Proposition 6.22 (Polynomial divergence leads to invariance). Suppose
that (z,,), (y,) are sequences of uniformly generic points with y, = &, -z, for
alln > 1 wheree,, — I asn — oo ande,, ¢ Cq(U) forn > 1. Definev,, = loge,
and polynomials

Pn (T) = Adu(an) (vn)a

where the speeding up parameter T,, — oo is chosen so that

sup |[[p,(r)]| =1
rel0,1]

for each n > 1. Suppose that p,,(r) = p(r) as n — oo for all r € R, where
p:R—g

is a polynomial with entries in the Lie algebra g. Then p is invariant un-
der exp(p(r)) for all r € Ry.

Notice that the assumption that the sequence of polynomials converges is
a mild one. The polynomials all lie in a compact subset of a finite-dimensional

" It does not matter which norm on g is used.

Y In contrast, diagonalizable flows leading in the same way to exponential maps do not
have this property, as the acceleration would change the base of the exponential functions
involved.
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space, so there is a subsequence that converges with respect to any norm on that
space. Also the assumption ¢, ¢ Cg(U) is somewhat unproblematic as in the
case €,, € C(U) one may be able to apply Lemma Part of the argument
for Proposition is illustrated in Figure [6.4]

Fig. 6.4: If y = e-x with € ¢ C(U) close to the identity, then the orbits of z and y
move away from each other at polynomial speed. If z and y are generic then the
last 1% of these pieces of orbits are almost parallel and equidistribute.

PROOF OF PROPOSITION [6.22] Fix ry € Ry, f € C.(X), and € > 0. By uniform
continuity of f there exists some § = §(f,&) > 0 with

d(hi,he) <6 = [f(h1-) — f(hoew)| <€
for all x € X. Furthermore, choose x > 0 so that
d(expp(r), expp(ro)) < /2
for r € [ry — K, ro]. Then there is an N such that we also havd]

d(expp,,(r),expp(ry)) <9 (6.9)

for n > N and r € [ry — K, rg]. We know by the uniform genericity of z,, that

. /0 " e, ds — /X fdu

To Tn

as n — 0o, and

1 /(To—ﬁ)Tn ; q / rd
_ UgeTp ) ds —
(ro — &)1, Jo ( ) X s

t This is the formal version of the statement in Figure [6.4] that the last 1% are parallel.
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as n — oo. Taking the correct linear combination (x > 0 is fixed) and replacing f
by fCXP(P(To)), we getm

1 L

— fepr(TO)(us-xn)ds—>/ fexpp(ro) dp
Kin J(ry—r)T, X

as n — oo and, by the same argument, we also have

1 ’I"OT

n

Flugyn) ds —> /X £ dp

ﬁTn (ro—r)T,,

as n — 0o. However, using the definition of v,, and p,, we have

Ug*Yp = Ug exp(vn)'xn = exp (*AduS (vn)) Ug*Ty = €XP (pn(S/Tn)) Ug* T,

for all s € R.
We now restrict ourself to the range of s € R with 7 € [rg — &, 7). Together

with (69]), we deduce that

d(us'yn7expp(T0)us'xn) < 67
and so
|f(us'yn) - f(expp(TO)us'In” <eg

for every s € [(rg — k)T, 79T},]. Using this estimate in the integrals above gives

1 1 roT,

roT),
fcxpp(ro)(us,xn) ds — — flugy,)ds
w1, /(Ton)Tn KT, (ro—r)T,

’/ fepr(TO)du—/ fdu
X X

Since this holds for any ¢ > 0 and f € C.(X) we deduce that p is invariant
under exp p(ry). As ro > 0 was arbitrary, the proposition follows. O

<e,

and so

<Le.

Because of the results above, we are interested in finding large sets of uni-
formly generic points. It is too much to expect that almost every point with
respect to an invariant measure will have this property (due to the requested
uniformity), but we can get close to this statement as follows.

Lemma 6.23 (Almost full measure sets consisting of uniformly generic
points). Let p be an invariant and ergodic probability measure on X for the
action of a one-parameter flow {u, | s € R}. For any p > 0 there is a compact
set K C X with u(K) > 1 — p consisting of uniformly generic points.

PROOF. Let D = {f1, fa,...} C C.(X) be countable and dense. Then by the
pointwise ergodic theorem [46, Cor. 8.15] for every f, € D we have

tIn Figure [6.4] we referred to this as the equidistribution of the last 1% of the orbit.
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%/()ng(us-x)ds%/xfedﬂ

almost everywhere with respect to p as T' — oo, equivalently for every € > 0

T
u({xeX %/0 fg(us-x)ds—/xfldu >E}> —0

as Ty — oo. Now choose, for every f, € D and for every ¢ = %, a time T} ,, so

that
1 [T 1 p

Let K' C X be the complement of the union of these sets, so that

sup
T>T,

sup
T>T,,

p(E')>1—-p

by construction. It is clear that the points in K are uniformly generic for all
function f € D. Moreover, since D C C,(X) is dense in the uniform norm, this
extends to all functions by a simple approximation argument. Finally we may
choose a compact K C K’ with pu(K) > 1 — p by regularity of j. O

The principle outlined above is sufficient to prove the measure classification
theorem for 2-step nilpotent groups (see Exercise [6.25); as we will see in the
next section with more effort the same holds for more general nilpotent groups.
However, in general this use is limited—for example, in the above form it does
not even allow us to give a new proof of measure classification for the horocycle
flow. This will be discussed again in Section [6.6] where we discuss the second,
more powerful, refinement of the 1% argument in Proposition This will
lead to a strengthening of Dani’s theorem (Theorem 5.7), due to Ratner, and is
an important step towards the general case.

Exercise 6.24. Show that the limit polynomial in Proposition takes only values in
the centralizer Cy(U) = {v € g | Ad, (v) = v for all u € U} of U in the Lie algebra g of G.

Exercise 6.25. Use the results from Section [6.3.3] to prove the measure classification the-
orem (Theorem [6.12)) under the assumption that G is a 2-step nilpotent group.

6.4 Unipotent Dynamics on Nilmanifolds

In this section we will assume that G is a nilpotent Lie group and I' < G a
discrete subgroup. In this case X = G/I" is called a nilmanifold.
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6.4.1 Measure Classification for Nilmanifolds

Theorem 6.26. Let I' < G be a discrete subgroup of a connected nilpotent Lie
group G and let X = G/I'. Let U < G be a one-parameter subgroup. Then
any U-invariant and ergodic probability measure . on G is algebraic.

PROOF. As we will see, the result follows from a (double) induction argument
and Proposition [6.22 First, notice that the theorem is trivial if dim G = 1.

A second special case is obtained by assuming in addition that U belongs to
the centre C¢; of G. In this case, if X' = {x € X | x is generic for u}, z, € X',
and y = g-xg € X', then g € Cx(U) = G, so g € Stabg(p) by Lemma
and y € Stabg (p)-2( also. It follows that X’ C Stabg(u)-xo has full measure,
and we deduce that g must be the Haar measure on Stabg(p)-xy as required.

We assume now that G is a nilpotent connected Lie group of nilpotency
degree k, meaning that

Go=G=>2G =[G,Go| = =2Gp_1 =[G, G_5] 2 G, =[G, G_1] = {I}.

We also assume that U < G; for some j € {0,...,k — 1}. We may also assume
that U € Cg. The inductive hypothesis is then the following statement: The
theorem holds for any X' = I"\G’, U’ < G’ and any U’-invariant and ergodic
probability measure p if either

e dimG’ < dimG, or
« G'=G,I'"=T,and U <Gj,,.

Now let K C X be a set of uniformly generic points of measure p(K) > 0.9
as in Lemma [6.23] Choose some

zg € K Nsupp(p|x)- (6.10)

We distinguish between two possible scenarios.

It could be that there is some ¢ > 0 such that y = h-zq € K with d(h,I) < d
implies that h € Cg(U) and so also h € Stabg(u) by Lemma In this
case (G.I0) implies that Stabg(u)-z has positive measure, and so we may apply
Lemma [6.17 to conclude.

In the second case we find a sequence (y,, =¢,,+xg) in K withe, — I asn — oo
but ¢, ¢ Cg(U) for all n > 1. Choosing a subsequence, we may assume that
the sequence of polynomials (p,,(r)) from Proposition converges to a non-
constant polynomial p: R — g. By Proposition[6.22 we deduce that yu is invariant
under exp(p(r)) for all r > 0.

We claim that exp(p(r)) takes values in G ;1. Indeed, since U C G; we have
(in the notation of Proposition [6.22))

pn(T) = Adu(an) (1Og En) € IOg Ep t 9541

for all r, where
g1 = Lie(G,41) = [g, 9]
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Since €,, — I as n — oo this gives p(r) € g, for all 7 > 0 as claimed.
The argument above shows that

(StabG (/,L) n Gj+1)0

is a nontrivial subgroup. Clearly U normalizes this subgroup and its Lie algebra,
and since Ad, ) is unipotent for all ¢ € R, it follows that there exists a one-
parameter unipotent subgroup

= {ut | te R} St&bG( ) n Gj+1 N OG(U)

We are going to apply the inductive hypothesis to G' = G, I" = I', and U’.
However, as p may not bl ergodic with respect to U’ we first have to decom-
pose u into U’-ergodic components. Recall from [46, Th. 6.2, 8.20] that the
ergodic decomposition allows us to write

u:/ il d, (6.11)
X

where ui is the conditional measure for the o-algebra

& ={B € By | u(uy-BAB) = 0 for all t}

and that for p-almost every x the conditional measure um is a U'-invariant and
ergodic probability measure on X with = € supp uz .
By applying the inductive hypothesis to p-almost every ui we obtain a

function x — L, that assigns to x the connected subgroup L, for which ui, is
the L -invariant probability measure on the closed orbit L,.z. We claim that
there is a connected subgroup L such that L, = L for py-almost every x. Indeed,
since U = {u(t) | t € R} preserves u and leaves the o-algebra & invariant
(since U' and U commute) we get

/ /

(Ug)ulty = i, (6.12)

for every ¢t € R and p-almost every x by [46, Cor. 5.24]. Since uz is L -invariant,
it follows from (G612 that (uq), um is uy Lyuy Linvariant, which implies that

-1
uleul C Lu(l)-w
and, by a similar argument for the reverse inclusion,
Loui'=1L
U Lguy = Uupex”

Iterating this relationship shows that

T In fact U’ never acts ergodically with respect to p.
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for p-almost every z. Now either L is normalized by uq, or the sequence of
subgroups in (GI3]) converges to a subgroup that is normalized by u; (to
see this, apply the argument from the proof of Lemma 3.51 to any element
of AY™ = (Lie(L,)). Hence Poincaré recurrence shows that we must have

wLuit =1,
for p-almost every z. Notice that for any such x we also get
uw(t)Lyu(t)™t =L,

for all t € R. By ergodicity it follows that L, = L is constant p-almost ev-
erywhere. The cautious reader will have noticed that the argument above has
assumed implicitly that the function x — L, is measurable, which we will show
in Lemma[6:27 below. Equation (6I1) now shows that p is a convex combination
of L-invariant measures and hence is itself L-invariant.

To summarize, we have shown that there exists a nontrivial connected sub-
group L < Stabg(u) containing U " such that the orbit L.z is for p-almost ev-
ery z closed, with finite L-invariant measure and with the property that U’ < L
acts ergodically on L.x. Since L < G is nilpotent, simply connected and con-
nected, M = Cp(L) is a nontrivial connected subgroup. We claim that the or-
bit M-z is compact for p-almost every x and postpone the proof to Lemma G291

Next we claim that Né;(M )ex is a closed orbit for u-almost every x, see
Lemma This implies that p is supported on a single orbit Ncl;(M )exq of
the unimodular normalizer. In fact we note first that

U < Ng(L) < Ng(M),

and since U is unipotent we also have U < Né;(M ). If now z is generic for p
and U, then
supp p1 = U-zg C Ng(M)-.

Therefore, without loss of generality we may assume zo = I', G = N&(M)°
and hence M <1 G and that the orbit M.I" is compact.

Let mp: G — G/M denote the canonical projection 7y, (g) = gM. We claim
that 7y (I") < G/M is again discrete. Suppose that

M (7n) — 1

in G/M as n — oo with v, € I', or equivalently v,,m,, — I as n — oo in G
for v, € I' and m,, € M for all n > 1. Since M N I' is co-compact in M,
we may simultaneously modify v, and m,, by elements of M N I" and assume
that m,, lies in a pre-compact fundamental domain for I" for all n > 1. Choosing
a subsequence, we may also now assume that m,, — m € M as n — oco. This
implies that v,, — « € I' as n — oo for some v, and so ~,, = y for all large n > 1.
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256 6 Unipotent Dynamics and Ratner’s Theorems

This shows that m; (7, ) = mar () = I for large enough n, and hence that 7y, (I")
is discrete.
There is also an associated factor map

mx: G/T — 7 (G) /7y (T)

defined by
mx: gl mp(g) mar ().

The fibers of this map are precisely the M-orbits in the sense that
mx' (wx(g-1) = {h-I" | hM oy (I') = gMempy (I')} = gM-I"

for all g € G.

We set G’ = 1y (G), I'" = mp (D), U = mp(U), ' = (7x)op and deduce
from the inductive hypothesis that ' is an algebraic measure. Let H < G’
be a connected subgroup, so that x' is the H'-invariant probability measure
on a finite volume orbit 7y, (g)H -7y, (I") for some 7,,(g) € G'. Finally, we
claim that p is the H-invariant probability measure on the closed orbit gH-I"
where H = 7y (H').

Since 7y (I')my (g)H' is closed we also obtain that

IgH = nx' (H'mp(9)ma (1))
is closed. Now let f € C(X). Then
[ 1@ nte) = [ foma) dute) (6.14)
X X

for all m € M. Now take a Fglner sequence (F},) in M and notice that
1 / -
_— mex)dmyr(m) — z)dmps.(2) = f(rx(z
[ S amagm) F(2) imagog(2) = Tlrx (2)

for all z € X, where the expression on the right defines a function f in C(7y (X)).
Applying this convergence to the average of (6.I4]) over the Fglner sequence gives

/ﬂmwm:/’ F(2) dmapn () A
X Tx(X)J Mex

Fmx (x))

Now fix h € H and define f" by f"(z) = f(h-x) so that

Py (@) = fW@MwA@=/ F(2) dimg () = Flhomy (),

Moz Me(hez)

and

Page: 256 job: AAHomogeneousDynamics macro: svmono.cls date/time: 26-Feb-2026/17:03



6.4 Unipotent Dynamics on Nilmanifolds 257

[ stan= | (X)Fd“':[rx<x> "= [ (X)Tdu’z/xfdu.

Therefore p is supported on H-x and is H-invariant. This concludes the induc-
tion, and the theorem follows. [l

X X

In the course of the proof we made use of several lemmas which we now prove.

Lemma 6.27 (Measurability of stabilizer). Let G be a Lie group, I' < G a
discrete subgroup, and let X = I'\G. Then the map

M(X) 3 p— Stabg(p)?

from the space M(X) of Borel probability measures on X is measurable.

Implicit in the statement of the lemma is a measurable structure on the
space of connected subgroups, and this is achieved as follows. We identify a
connected subgroup L < G with its Lie algebra Lie(L), and if L # {I} with the
corresponding point of the Grassmannian of GG. In other words, we consider the
map in the lemma as a map from M(X) to

dim G

{e} U | | Grass,(Lie(@)),

{=1

which is a compact metric space and hence has a measurable structure via the
Borel o-algebra.

ProOF OF LEMMA 627 Let d = dim G, so that
My = {p € M(X) | dimStabg (1) = d} = {m}

and My 3 p > Stabg (i) is trivially measurable.
Fix k with 0 < k£ < d and suppose that we have already shown that the sets

M, = {p | dim Stabg (p) = £}

for £ > k and the map My, 3 u+ Stabg(u)? are measurable.
Let p,, € M5y = M U---UM, for n > 1 and suppose that y,, — v in the
weak*-topology as n — oco. Let b,, be the Lie algebra of Stabg(11)°. As

{I}tu U Grass,(Lie(GQ))

1<0<d

is compact, we may choose a subsequence and assume also that h,, — h < g
as n — oo with dim b > k. We will prove below that y is invariant under exp(h)
and so p € M. It follows that My is closed and hence measurable, which
implies that M) = M5, ~M 1, is also measurable.

The argument above also shows that the assumption u,, € My, for alln > 1
and p, — p € M, as n — oo implies that b,, — h as n — oo, with dimbh = k.
Therefore
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258 6 Unipotent Dynamics and Ratner’s Theorems

M;, > p— Stabg ()

is actually continuous on the measurable set M.

Iterating the argument until we reach k£ = 0 proves the lemma.

It remains to prove the invariance of p = lim,,_, , p,, under b = lim,,_, o b,,.
For v € b there exists a sequence (v,) with v, € h,, for n > 1 with v,, — v
as n — oo. Then, by uniform continuity,

as n — oo for f € C.(X). As pu,, is a probability measure for n > 1 this also
shows that

o) _ o)y g

oo

/ £ gy / o0 4 | < ‘ o) _ o)y g
=[fdu,
as n — oo. Taking limits gives
[ran= [ 1 ap,
so exp(v) preserves p. As v € h was arbitrary, the lemma follows. ]

Lemma 6.28. Let G be a o-compact, locally compact group equipped with a left-
invariant metric. Let I' < G be a discrete subgroup and ny,...,n, € I' arbitrary
elements. Then Cg(ny,...,n,) [ is closed in X = G/T .

PROOF. The proof is similar to the proof of Proposition 3.1 or Proposition 3.11.
So suppose that g,-I" — g-I" as n — oo with g, € Cg(ny,...,n) forn > 1
and some g € G. Choose v,, € I' for n > 1 with ¢,v, — g as n — oo. Fix
some i € {1,...,k} and notice that

—1 -1 —1
I 5% = Y90 (Vngn) — g0ig

as n — oo has to become eventually stable. So assume that
—1 -1 -1
INTYN = TV = 99
for all n > N and all i. However, this shows that 7;,19 € Ca(niy...,m) and
-1
Fg=TIvyygelCq(m,-...m)

as required. O

Lemma 6.29. Let G < SLy(R) be a closed linear group and let I' < G be a
discrete subgroup. Suppose that L < G is a unipotent subgroup such that xL has
finite volume. Then xCy (L) is compact.
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PrOOF. Clearly L = A\L for a lattice A < L, so it suffices to consider the
case G = L and x = A € A\L. By Borel density (Theorem 3.50; also see the
argument on p. 143) there exist elements A;, ..., A, € A with

CL(L) == CL()\17 . 7)‘k)

Thus Lemma shows that ACT (L) is closed.

Finally, notice that if Ag,, — oo for some g, € C; (L) as n — oo, then the
injectivity radius at Ag,, has to approach zero. In fact, by Proposition 1.35 there
exist A, € AN{I} for which g, '\, g,, — I as n — oco. However, for g,, € Cy (L)
we have g, ' A\ g, = A\, € AN{I} which contradicts the stated convergence.
Therefore AC} (L) is a bounded closed set in AL, and so is compact. O

Lemma 6.30. Suppose that G < SLg(R) is a closed linear group, I' < G is a
discrete subgroup, and M < G is a unipotent abelian subgroup. If xM is compact
for some x € X = I'\G, then tN&(M) is closed, where

Né(M) ={ged| gMg_l =M and gmMg_1 =mu}
is the unimodular normalizer of M in G.

PrROOF. Let = I'g. By conjugating M with g we may assume without loss of
generality that © = I. As in the proof of Lemma [6.28, we assume that +,,g, — ¢
as n — oo for g, € Név(M), v, € I' and g € G. We wish to show that ~g lies
in NG (M) for some ~ € I.
Notice that
g, M = ((9,"Tg,) 0 M ) \M,

which is isomorphic to (I' N M)\M via conjugation by g,, € N&(M). This im-
plies that I'g,, M has the same volume as I'M since conjugation by g,, in Né;(M )
preserves the Haar measure on M by definition. Moreover, since

g, — Ig

as n — 00, we see that the injectivity radius of I'g,, stays bounded away from
zero. By Minkowski’s theorem on successive minima (Theorem 1.45, equivalently
via the argument in the proof of Mahler’s compactness criteria in Theorem 1.51)
there exist elements

nn,lu"'ann,dimM el

such that .

is of bounded size (independent of n) and gives a basis of
(90 ' gn) N M

for i = 1,...,dim(M). Therefore, we may choose a subsequence such that for
every i = 1,...,dim(M) we have (after renaming the indexing variable in the
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sequence) that

as n — oo. Since we also have v, g,, — g we may conjugate by v, g, in (6I6) to
obtain

1
M, — 9M;g

as n — oo. However, since 7,, ; € I" this shows that we must have

-1
NN = Mg = 919

for i = 1,...,dim(M) and all n > N for some large enough N. Conjugating
by 7,, we obtain from (G.I5]) that

-1 -1 -1
N—— ~
eM EM

by the definition of 7, ; for i = 1,...,dim(M) and all n > N. Since

-1

gives a basis of the lattice
-1
(90 Tgn) M

by definition of 7, ;, and a lattice in M is Zariski dense, it follows that
(M, ..., Maim pr)

is also Zariski dense in M and
Yn 9 € Na(M)

foralln > N.
In particular,

_ _ —1 _
w9 te) =8 € Ng(M)

for all n > N. We claim that vx'~,, € N&(M). For if n = vy, (or its inverse)

were to contract the Haar measure on M then ng(f’ nM )n_g would have to

contain shorter and shorter vectors as £ — oo by Minkowski’s first theorem

(Theorem 1.44). As n*(I' N M)n~" C I this is impossible, proving the claim.
It follows that

1 . -1 1
Vv 9 = lim vy 7,9, € Ng(M)
n—oo

as required. O
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6.4.2 Equidistribution and Orbit Closures on Nilmanifolds

Using Theorem we can establish the equidistribution theorem (Theo-
rem [6.13) and the orbit closure theorem (Theorem [EI4]) on nilmanifolds. In
the case of unipotent flows on nilmanifolds this step of the proof is significantly
easier due to the following special feature of unipotent flows on nilmanifolds
(which we know is false for the horocycle flow on a non-compact quotient, for
example).

Corollary 6.31. Let G be a connected nilpotent Lie group, let I' < G be a
lattice in G, and let X = I'\G. Let U < G be a one-parameter subgroup and
let z lie in X. Then the orbit closure U-x = L-x is algebraic, and the U-action
on L.xy is uniquely ergodic.

PROOF. (to come) O

6.5 Invariant Measures for Semisimple Groups

Using Section [6.3.3] we are also ready to prove the special case of Ratner’s mea-
sure classification theorem where the acting group is semisimpleﬁl We are going
to use the Mautner phenomenon to find an ergodic one-parameter unipotent
flow. This is possible due to the results of Chapter 2, but requires that the
group H has no compact factors. While almost all of the ideas of the proof
certainly go back to the work of Ratner, and in particular to the paper [134],
the observation that this particular case has a short and relatively easy proof
was made in [41].

Theorem 6.32 (Ratner measure classification; the semisimple case).
Let G be a closed linear group, I' < G a discrete subgroup, and assume that H
s a semisimple subgroup of G without compact factors. Suppose that p is an H -
invariant and ergodic probability measure on X. Then p is algebraic.

PROOF. Define the closed subgroup Stab(u) = {g € G | g.,u = u}, the con-
nected component L = Stab(u)°, and its Lie algebra [. We need to prove that u
is supported on a single L-orbit. So let us assume (for the purposes of a con-
tradiction) that this is not the case. Then by ergodicity of u, each L-orbit must
have zero p-measure since H < L.

T This case is interesting as the proof is relatively straightforward, even though there may
be a large gap between the dimensions of the acting group and the group that gives rise to
the ambient space. Furthermore, due to this gap there may be a large collection of possible
intermediate subgroups H < L < G. However, the use of this special case is limited as the
acting group is not amenable and hence it is a priori not even clear why we should have
any H-invariant probability measure on a given orbit closure Hex C X.
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There exists a subgroup of H that is locally isomorphic to SL,(R), which acts
ergodically on X with respect to u. This follows from the Mautner phenomenon.
Indeed, H is by assumption an almost direct product of non-compact simple
Lie groups, and each of these contains a subgroup that is locally isomorphic
to SLy(R). Now consider a diagonally embedded subgroup M that is locally
isomorphic to SL,(R) and that projects nontrivially to each simple almost direct
factor. Furthermore, we let U < M be the subgroup corresponding to the upper
unipotent subgroup in SLy(R). By Proposition 2.25 the subgroup U, and hence
also M, satisfies the Mautner phenomenon for H. Since H acts ergodically, so
does the subgroup. So we may assume that H is locally isomorphic to SLy(R).

By the structure theory of finite-dimensional representations of SL,(R)
(see [49, Th. 4.11], Fulton and Harris [57], or Knapp [91, Th. 1.64], for ex-
ample), we see that the H-invariant subspace [ < g (with respect to the adjoint
action) has an H-invariant complement V' < g. We note that we have no reason
to expect that V is a Lie algebra, and that this step uses crucially the fact
that H is semisimple.

Now let K C X be a set of yu-measure exceeding 0.99 comprising uniformly
generic points for U < H. We would like to find points z,,,y, € K with

Yn = Gn*Tp,

for some g,, # I with g,, € exp(V) belonging to the ‘transverse’ direction for
all » > 1, and with g, — I as n — co. We then may consider the polynomials

Pn (T) = Adu(an) (1Og gn)a (617)

assume that these converge as n — oo, and apply Proposition 6221 By the H-
invariance of V all the polynomials p,, would have values in V' and so we would
then be able to find a polynomial p: R — g taking values in V' and with y invari-
ant under exp p(r) for all » > 0. The existence of such a polynomial contradicts
the definition of L = Stab(u)°.

To find z,,,y,, as above, we can apply a relatively simple Fubini argument as
follows (crucially, using the fact that p is invariant under L).

So let Bf = BE(I) be a small open metric ball in L around the identity, and
define

Y = {x €eX ‘ /B§ L (l-z) dmy (0) > o.gmL(BéL)} .

We claim first that p(Y") > 0.9, which may be seen by looking at the complement
as follows:
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p(XNY) = p <{517 eX ‘ /B§ Ly g (lz)dmp(€) > 0.1mL(B§L)})

1
——— 1x x(lx)dmy(£)d
O.lmL(B(;L)/X/Bg‘ X~k (Cx) dmy (€) dp

1
e 1y g(l-x)dp dm by Fubini
O.lmL(B(;L) /Bg‘/X xk (z)dp L (by )

=p(X\K)

p(X N K) 001
o1 ~ o1 b

since L preserves pu and pu(K) > 0.99.

We now claim that for any nearby points x,y € Y we can find £,,¢, € B5L
such that
' =l,x € K, (6.18)
y =L,y €K, (6.19)
and
y' = exp(v)-z’ (6.20)

with v € V. To see this, notice that if ¢ is sufficiently small, then (by the inverse
mapping theorem) the map

¥: Bas X Bys(0) — G
(£,v) — Lexp(v)

is a diffeomorphism from BQL§ X BX;(O) onto an open neighbourhood O of the
identity in G. Let now g € BS(I) be chosen so that y = g-z. Then we would
like to find ¢,,¢, € By with gf;' = ¢," exp(v), which will give (620). This
can be done using the local diffeomorphism above: If  is sufficiently small,

then gf;' € O and may define ¢, and v by

gl ) = (6, ). (6.21)

However, we still have to worry about the conditions (6.I8) and (G.19I).
For this, we are going to see that most points £,, € B(;L (and the correspond-
ing £,) will satisfy this. Indeed, by definition of Y, at least 90% of all £, € B(;L

satisfy #’ = £ .z € K, and at least 90% of all l, € B(;L satisfy y' = l,y € K.
However, we need to do this while ensuring that (621) (or equivalently, ([G.20))
holds. So define the map

¢: BY — B

Ly — £,
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with £, as in (E2I)). This smooth map depends on the parameter g € Bg and

is close to the identity in the C’l—topology if x is sufficiently small (all maps we
deal with are analytic and for ¢ = e we have ¢ = I B;). Therefore ¢ does not

distort the chosen Haar measure of L much, and sends B5L into a ball around
the identity that is not much bigger than B5L (both with respect to the metric
structure and with respect to the measure). In other words, if £ is sufficiently
small, then

my (¢ ({ém € BL ’ 0z € K}) N B§) > 0.9m, (¢ ({6m e BL ‘ 0z € K}))
> 0.8m, ({ém € B ’ 0z € K})
> (0.8)(0.9)my, (B5) > 0.7m (By).
Together with

my, ({fy € B(;L ‘ by € K}) > O.9mL(B5L),

we see that there are many points ¢, € B(;L with £,.x € K for which ¢, defined
by ([6.2I) also satisfies £,y € K.

The theorem now follows relatively quickly as outlined earlier. Recall that we
may assume that every L = Stab(u)’-orbit has p-measure zero. Let

z € supp (uly) .

Then for every k = % there exist z,, = z,y,, = g,,*¢, € Y with
G
9n € Bl/n(I)\L'

Applying the procedure above to x,,y, (which we certainly may if n is large)
then we get

Ty = exp(vn)-x; e K,v, € V,u, #0,v, — 0

as n — oo. There are now two cases to consider.

If v,, is in the eigenspace of Ad,, for infinitely many n (and so let us assume
for all n by passing to that subsequence), then we may apply Lemma to
each v,, and deduce that exp(v,) preserves p. However, since v,, — 0 as n — 00
and the unit sphere in V is compact, we may assume that m — wasn — oo
by passing to a subsequence again. We conclude that since Stab(u) is closed,
we have exp(tw) € Stab(u) for all ¢. Since V' is a linear complement to the Lie
algebra of L = Stab(y), this is a contradiction.

So assume that v,, is not in the eigenspace for any n > 1 (by deleting finitely
many terms). In this case we may define T;, such that the polynomials in (617
have norm one. Use compactness of the set of polynomials with bounded degree
and norm one to choose a subsequence (again denoted (p,,)) that converges to a
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6.5 Invariant Measures for Semisimple Groups 265

polynomial p, and then apply Proposition to see that p is invariant under
by expp(t) for all ¢ > 0. Since p is the limit of Ady ,(v,) € V, p also takes
values in V which again contradicts the definition of V. ]

6.5.1 A Case of the Mozes—Shah Theorem

We wish now to explain the following case of the Mozes—Shah theorem (Theo-

rem [G.15)).

Theorem 6.33. Let G = G(R)? for a simple algebraic group G, I' < G a
uniform lattice, and X = G/I". Let H < G be a semisimple subgroup and let H
be H(R)?. Suppose furthermore that H has no compact factors and is maximal
among all the connected subgroups of G. Then any sequence (H -x,,) of closed H -
orbits in X without repetitions equidistributes to the Haar measure on X.

The proof involves more knowledge of simple and semisimple Lie groups,

for which we refer to Knapp [91, Ch. VI]. It may be helpful to simply assume
that G = SL3(R) and H = SO, ;(R)°.
ProOF OF THEOREM [6.33] By Theorem[6:321any H-invariant and ergodic prob-
ability measure p on X is the Haar measure on a closed orbit L.z for a closed con-
nected subgroup L < G containing H. By assumption we have L = H or L = G,
where the latter corresponds to the normalized Haar measure g = mx. In the
former case p is the normalized Haar measure y = mpy,p of a closed H-orbit.

COUNTABLY MANY ORBITS. As H is semisimple without compact factors the
Borel density theorem (Theorem 3.50) implies that "N g_lH g is Zariski dense
in g_l]HIg. If G is defined over Q and I' = G N SL4(Z), then g_l]HIg =L is
defined over Q, which implies that there are only countably many possibilities
for L. In general the lattice I'N gilH g is finitely generated, which implies once
more that for I'N gilH and for L there are only countably many possibilities. If
now HgI" and Hg,I are two closed orbits for which gl_ngl =L = gg_ngg is
the same algebraic subgroup, then g,g; ! belongs to the normalizer of H. As H
is semisimple, the connected component of its normalizer is given by H-Cq (H)®.
As G is assumed to be simple and H is assumed to be a maximal connected
subgroup, it follows that C;(H)? = {I}. Therefore H has countabld] index in
its normalizer. Indeed, Ng(H) = Ng(H) is an algebraic group defined over R
and the connected component of its R-points has at most countable index. Put
together these show that there are at most countably many closed H-orbits
in X.

APPLYING THE ERGODIC DECOMPOSITION. Unfortunately we do not know at
this stage whether the limit measure p is ergodic with respect to H. Hence
we have to apply Theorem [6.32] in conjunction with the ergodic decomposition

T With a little more work it may be shown that H in fact has finite index in its normalizer.
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(see [46, Th. 8.20]). As we have already shown that there are only countably
many H-invariant and ergodic probability measures we obtain

oo
H=comy + E CnMHez,

n=1
with:

e CL € [O, 1] for k € No,
o« Yook =1;and
e mpy.,, the normalized Haar measure on the closed orbit H-z;, for k € N.

Our goal is to show that 1 = my, which is achieved by showing that ¢;, = 0 for
all k € N.

Put differently, our goal is to show that u(H-y,) = 0 for a given closed
orbit Y = H.y, (which is compact by our assumption on X). Let V C g = Lie G
be an H-invariant linear complement to h = Lie H. By a standard compactness
argument there exists n > 0 so that the map

B7‘7/ xY 3 (v,y) — exp(v)x € X

is an injective homomorphism. This defines a smooth ‘tubular’ coordinate sys-
tem in a neighbourhood of Y.

Fig. 6.5: The set exp (B,‘; )Y is a tubular neighbourhood having the canonical

coordinate system BX x Y. As we are only concerned with the distance of points
to Y we will focus on the V' component of this coordinate system.

We note that for h € H, v € V, and y € Y we have
h+(exp(v)y) = exp(Ad;, v)h-y,

where Ad, v € V by invariance of V. This allows us to study the behaviour
transverse to the H-orbit, where we will be using once more the Remes in-
equality (Lemma 4.8). For this let Uy,...,U, < H be unipotent one-parameter
subgroups that together generate H: As H is assumed to be semisimple and
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without compact factors, we can find a unipotent subgroup projecting nontriv-
ially to each simple factor of H. Conjugates of this unipotent subgroup will
generate a normal subgroup of H and hence all of H.

As the sequence (u,,) converging to p is assumed to have no repetitions we
may suppose that n is large enough to ensure that H-z, = suppp, # Y.
We may also suppose without loss of generality that the point x,, satisfies the
ergodic theorem for Uy,...,U, and the characteristic functions of exp (B,‘{ )Y
and exp(B;/)Y fore € (0,n)NQ. If z,, ¢ exp(B,‘l/)Y we set U = U, in the
argument below. So suppose that z,, = exp(v; )y, for some v, € B:z/ andy; €Y.
Then vy # 0 as H-x,, # Y and v; is not fixed by H as Co(H)? = {I}. Hence
there exists a unipotent one-parameter subgroup U € {Uy,...,U,} that does
not have v; as an eigenvector.

Let T > 0 and split

{tE[O,T]’utxHEexp(B:)Y}zplu...upJ

into its connected components (the ‘protecting intervals’). We note that for
each j € {1,...,J} there is a vector v; € V so that z,, = exp(v;)y; for some
choice of y; € Y and P; is one of the connected components of

{te[0,T]|1IAd,, vl <n}.

If 0 € P, our choice of U above ensures, for large enough 7', that T' ¢ P;.
Equivalently we have

sup [| Ady, vyl =7
te P,

for j = 1,...,J. This allows us to apply the Remes inequality in each of the
intervals P;. As the intervals are disjoint we obtain as a result

Ht €10, 7] ’ w, € exp(B;/)YH < (%)%,

where the degree D depends on the action of the unipotent subgroups Uy, ..., U,
on V. We let T'— oo and it follows that for any § > 0 we can find a neighbour-
hood O; of Y so that p,(Os) < ¢ for all large enough n.

By Urysohn’s lemma and the definition of weak® convergence, this im-
plies p1(Y") = 0 for any (fixed) closed H-orbit Y. As explained earlier, we obtain
from this that p = my as desired. ]
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6.6 Transverse Divergence for the Horocycle Flow

[TWe will reprove the classification of invariant measures for the horocycle flow.
Note that the assumption made in Theorem [6.34] below is weaker than the
assumption in Theorem 5.7, as we do not assume that I” is a lattice. As a result,
the proof of the theorem below is a better representation of the general measure
classification results, and indeed is a result of Ratner (see Theorem [6.121and the
survey [136]).

Theorem 6.34 (Invariant measures for the horocycle flow). Let I" be a
discrete subgroup of SLy(R), let X = SLo(R)/I", and let

o={u=("7)]ser}.

Suppose that p is a U-invariant and ergodic probability measure on X. Then
either

o 1 is supported on a single periodic orbit of U; or
e u=my and I is a lattice.

We want to apply an argument similar to the one in Section [6.3.3l It is easy
to check that the argument as it is presented there is not going to be helpful
since it would always just imply invariance under {u,} (see Exercise [6.24]). We
start by generalizing Section

Lemma 6.35 (Parallel orbits with a stretch). Let X = G/I" for some
closed linear group G and some discrete subgroup I' < G, let U < G be a
one-parameter subgroup, and let p be an U-invariant and ergodic probability
measure on X . Suppose that x,y = g-x € X are generic for the U-action (in
both directions) and the measure u and suppose

gENg(U)={geG|gUg ' =U}.
Then g preserves ji.

For G = SLy(R) and the horocycle subgroup U we have that g € Ng(U)

implies that
A b
=)

for some A # 0 and b € R. Indeed, if

g= (Z Z) € SLy(R)

' Even though the result of this section may not go much beyond what we already un-
derstand, we take this case as a starting point for a tour of cases ending with a proof of
Oppenheim’s conjecture involving unipotent flows on Xs.
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normalizes U, then we may calculate

01 —ac a®
s, (00) = (Z570)

and deduce that ¢ = 0. We note that the lemma also implies in this case that

(1)

preserves p. We refer to Figure for the geometrical picture of the proof.

Fig. 6.6: If y = g-x with g € Ng(U), then the two orbits are again parallel as in
Figure [6.2] but uz-x may not be close to u,+y but may instead be close to u,y for
some t (depending on g and s).

PrROOF OF LEMMA [633 The lemma follows from the argument used in Sec-
tion G311 taking into account the fact that g conjugates u, € U into

-1
gusg = Uxs
for some fixed A € R*. Hence the piece of the orbit
u_p ) = {ugx | s € [-T,T}
is mapped under g to
gui_p,rpx = {ursg-x | s € [T, T} = w1, a1

As before, the normalized Lebesgue measure on uj_p -z and uj_xr,z7+Y
both approximate p as T' — oo, and we deduce that g preserves p.

Just as in the discussion in Section [6.3.1] for the proof of Theorem [6.34] we
cannot hope in general for this propitious situation—the requirement that g lie
in Ng(U) restricts the displacement between the two typical points to a two-
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dimensional group sitting inside the three-dimensional SLy(R). Thus we will be
forced in the argument developed below to work with an element

_fab
9= \cd
close to I with ad — bc = 1. However no other constraint will be assumed, and

in particular ¢ will be permitted to be non-zero. As we will see in the proof, we
will be able to use ‘transverse divergence’ to produce additional invariance.

PrOOF OF THEOREM [6.34] Suppose K C X is a set of uniformly generic points
with measure p(K) > 0.99. We may assume that the genericity holds not only
for forward orbits (as in Definition [6.21]) but also for backward orbits. Suppose
that z € supp u|g. We split the proof into three stages.

PERIODIC ORBIT MEASURES. If for some > 0 we have
Bs(z) N K C U-xy,

then U-z has positive measure. This shows that z is therefore a periodic orbit
and p is its normalized periodic orbit measure.

ADDITIONAL INVARIANCE UNDER THE DIAGONAL SUBGROUP. Otherwise, it fol-
lows that we can choose x,, € K and y,, € K with

Yn = Gn*Th

and g, ¢ U for alln > 1 and g,, — I as n — oo. If we have
An by
="y ) e No(o)

for infinitely many n (and with A\, # 1 converging to 1 as n — oc0) then we have
parallel stretched orbits. By Lemma [6.35] we know that

() e

preserves . Below we will show how this implies that u = mx.
Next we discuss the more general case, so assume that

with ¢, # 0. We would like to argue along the lines of Proposition [6.22 but
we already learned from the proof of Lemma that we might have to use
different clocks for the parametrization of the orbits of z and y. We have seen
before (see (2.8) in the proof of Proposition 2.17 on p. 69) the calculation that
lies behind this:
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_(1t\ (a, b, (1—s
UgGpU_s = 1 Cn dn 1
_ (an +ept b, +d,t—s(a, + cnt)) (6.22)

Cn d, —c,$

If we set s = t then the upper-right entry, which corresponds to the subgroup U,
is a quadratic term and for small d(g,,, I) this quadratic term is the most sig-
nificant entry. As this would not lead anywhere, we instead choose

d,t

a, +cpt’

sn(t) =
Having made this choice, we obtain the simpler formula

_fa, —+ Cnt bn
UtGnU—s, (t) = c, d, — Cnsn(t) '

Once again we want to speed up the time parameter ¢ = T,,r by defining T,, to
be L and
(&

n

Cn *

a, +1r by
d)n(r) =Ur, rInU—s (T, r) = ( )

for all n > 1. Here the (2,2) entry is also determined by the fact that (¢,,) is
a sequence of rational functions taking values in SL,(R). The pole of the nth
rational function in this sequence is at r = —a,,, which is approximately —1.
It follows that (¢,,) converges uniformly on compact subsets of (—1,1) to the

rational function
14+r O
¢(T) = ( 0 L) .
147
We claim that

w is invariant under ¢(r) for any r € (—1,1). (6.23)

Once we know this we are at the same stage as in the previous special case.
To prove the claim in ([G23]) we again apply a version of the ‘last 1% argu-
ment’. Fix some ¢ > 0 and f € C.(X). Then there exists a 6 > 0 with

d(h1,ho) <6 = [f(h1ow) = f(ho)| <e (6.24)
for all z € X. Fix ry > 0 and notice that there exists some & € (0, ry) such that

d(o(r), d(ro)) < §

for all r € [ryg — K, 7], which implies that

d(¢n(r), ¢(ro)) <0 (6.25)
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for all sufficiently large n. By taking a linear combination of two ergodic averages
while keeping & fixed, we can deduce (just as in Section [6.3.3) that

1 roT,

n

A, f(ut-yn)dt—>/deu

HTn (ro—r)T,,

as n — oo. We note that if ¢,, < 0 and hence also T}, < 0 we have used here the
fact that points in K are also generic for the backward orbits. Now

f(ut'yn) = f(utgnu—sn(t)usn(t) "rn) = f(d)n(cnt)usn(t)'xn)

is within e of
f (d)(TO)usn(t) 'xn) = f¢<r0)(usn(t) "rn)

since we assume ¢, t € [ryg — k, 7] and because of ([€.25]) and (6:24)). Together we

deduce that
A 1 roT, f¢( )( ) d
- — o) (u - t| <e.
n T s, (1) tn
Kln J(ro—r)T,

The integral in this estimate is almost of the same form for z,, as the ergodic

average A, for y,,—except that the orbit is run through non-linearly. For that

reason we now use the substitution s,,(t) = - ﬁ‘i ;- Its derivative is given by

dsn _ _ andy
At (a, +c,t)*

which for large n and sufficiently small x satisfies

—1 dSn

#' (1) T 1‘ <e. (6.26)
This shows that
A Ty o £ ) G <0 1)
and, equivalently,
TodnTh
A= Ty Jegm, £ ) 5| <204 111)

From (626) we also deduce that the length of the interval for the integral is
asymptotic to ¢’ (ry)xT, as e — 0. More precisely, integrating (6.26]) with respect
to t € [(rg — k)T, T,] and dividing by kT, gives

total length
¢/ (TO ) HTn

<
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Applying the linear combination argument to the intervals

|:0, TOdnTn:| and |:0, (TO - Ii)dnTn:| ,

a, + 1o a, +1r9g— K

the initial point z,, and the function f¢(T°) gives

7'()dnTn
1 antl B(r0) (7o)
e — 0 . 0
total length /% J7 (ugean) da X foran
G/,n ’l"OfK/

as n — o0o. Together we see after taking the limits as n — oo that

’ / 1900 gy / fdu‘ <OE) 1 +fll),
b'e X

and this holds for any e > 0 and f € C.(X). Hence we have shown (unless pu
is the Lebesgue measure on a periodic U-orbit) that p is invariant under the
diagonal subgroup A.

Fig. 6.7: Using the same time for z,, and y,, would make one orbit overtake the
other in the orbit direction. By using different times we can ensure that they instead
diverge transversally. In the last 1% the orbits are almost parallel and differ in the
direction of A.

CONCLUSION. Using the fact that

i foe(C ) o)

preserves i we wish to show that y = my is the normalized Haar measure
on X = SLy(R)/T.

Recall that @ was assumed to be ergodic under U. Also note that U belongs
to the Auslander ideal of B = AU with respect to any non-trivial element of A.
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Hence the Mautner phenomenon in Proposition 2.22 implies that A also acts
ergodically. Let

X;Az{xex

hm —/ flagx)dt = /fduforallfeC( )}

be the set of u-generic points for the forward orbit under A. Note that both X : A
and
X, = {:1: e X ’ {t e (—1,1) | upz € X;F 4} :2}

have full measure by invariance under U and Fubini’s theorem. We fix some
point z, € X,.

Suppose for a moment that I is a lattice. Let X:;XvA be the set of my-
generic points for the forward orbit under A. Then X;le) 4 has full measure
for mx and is invariant under the diagonal subgroup as well as the opposite
stable horocyclic subgroup. Together with the product structure for mgy,, (z) in

Lemma 5.13 this implies that u;-x,, € me o for almost every t € (—1,1). This
shows that we can find a point that is simultaneously generic for u and for my,
which shows that = mx.

Suppose now that I" is not a lattice. We wish to mimic the argument above us-
ing only certain subsequences of ergodic averages under A, and end up with the
contradiction that g = 0 instead. To begin, let f € C.(X) and note that Lfnx (X)
does not contain any non-trivial invariant vectors. Hence the Howe—Moore
theorem (Theorem 2.42) applies in a stronger form and gives <7Tat 1, f> -0
as t — oo. We define the function

1 N
_N/O foatdt

9 1 N-1 N—1
L2:<N/ foatdtN/ foag ds>
(l f7 (l Sf det
Nz//[ON - >

_ F /[O . waHf,f> dsdt —s 0

as N — oo. We choose a subsequence N, ' oo for k — oo so that

12
_ I
L2 _/X‘ANk

for all k£ > 1. This implies that

and calculate

4]

1

HA{Vk dmy <
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1
s (fo e X1 1)) < &

and so allows us to apply Borel-Cantelli. Define
-!_ = 1 f =
Xia {xeX ‘kILH;oANk(x) 0}

and obtain that my (X \X;f A) = 0. Moreover, by definition X;r 4 Is invariant

under the diagonal subgroup (which would only shift our integrals defining A}i,
by a bounded amount) and the opposite stable horocyclic subgroup in SLy(R)
(which would create asymptotic orbits). Once more we see that for almost ev-
ery t € (—1,1) we have u;-x, € X:,A N X;A. This implies that the ergodic
average under a of u,-w, converges to Jfdp and (along a subsequence) con-
verges to 0. As this argument applies to any f € C,(X) we obtain the contra-
diction p = 0. O

6.7 A Non-Horospherical Case and Joinings of the
Horocycle Flow

In this section we consider the group G = SLy(R) x SLy(R) and the quotient
space X = G/I" where I' < G is a lattice. Up to conjugation, G allows three
different choices of one-parameter unipotent flows:

Aw= (1) () o=}
Au= (1) (1) e
Aw= () () [se=:

The first two are actually horospherical subgroups so the discussion in Chapter 5
applies to these cases. Thus we will only consider the third (most difficult)
case (which of course is a special case of Ratner’s measure classification in

Theorem [6.12).

Theorem 6.36 (Diagonally embedded horocycles). Let

G = SLy(R) x SLy(R),

let I' be a lattice, and define the quotient space X = G/I". Let
1s 1s
v=fe= ((19) (1)) =2}
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Then any U-invariant ergodic probability measure p on X s algebraic.

We note that the word ‘algebraic’ subsumes here several different possibilities.
To see this we suppose for a moment that I}, I < SLy(R) are lattices and
let I' = I} x I, be their product. Write X; = SLy(R)/I; and consider the
projections m; : (z,2') — = and my: (z,2') = 2’ from

X =SLy(R)/I; x SLo(R) /T,

to X, respectively X,. Let pu; = (m;),1t, and obtain in this way a horocycle-
invariant probability measure on each X; for ¢ = 1,2. By Theorem 5.7 these
measures are therefore known to be algebraic (on a periodic U-orbit or Haar
on X;), which leads us to three cases.

(i) The measures p; and py are both periodic orbit measures, which reduces
the classification of the possibilities for p to the classification of invariant
measures on the torus T = R?/Z°.

(ii) One of the two measures is a periodic orbit measure, but the other is Haar
measure.

(iii) Both measures are Haar measures, in which case p is, by definition, a joining
for the horocycle flow.

We consider the case (i) dealt with and show that case (ii) is also quite easy to
handle. Suppose without loss of generality that (m;),u = pq is a periodic orbit
measure while (my), 00 = m x, is the Haar measure. Suppose that s > 0 is the

period of the horocycle flow on supp ;. In this case acts trivially on the

s
1
first factor and ergodically on the second. By applying the decomposition

p= /u(ﬁ,x/) dp(x, z")

into conditional measures for the o-algebra A = By x {@, X5} we notice that u,
preserves every element of .4 modulo p (since p-almost everywhere u, does not
change the first component). By Appendix C this implies that

(U) A N = A N = A ’
S*H(w,w)_'uu (w,w)_'u(m,w)

s

almost surely. To summarize we have shown that u{‘ ., does not depend on z’,

T,z )
is supported on {z} x X,, and is invariant under the horocycle flow on {z} x X,.
Since

max, = (mo)ots = (n2). [ 0y ) = [ (ma)osih oy i

expresses my, as an integral convex combination of other horocycle-invariant
probability measures, it follows by ergodicity that

A
(772)*M(m7m’) =mx,,

Page: 276 job: AAHomogeneousDynamics macro: svmono.cls date/time: 26-Feb-2026/17:03



6.7 A Non-Horospherical Case and Joinings of the Horocycle Flow 277

or equivalently 4
M(m,m,) = (51 X mX2

for p-almost every (z,z’). It follows that p = (). x m x, is algebraic.
Hence it remains to study the joinings. As it turns out, in this case the

1 S) for some s € R.

stabilizer of y is either G or the graph of conjugation by ( 1

To see this we have to study transverse divergence again.

6.7.1 Using Transverse Divergence

In the following we let X = G/I', U < G, and let u be as in Theorem
Moreover, we always let K be a set of uniformly generic points in X of mea-
sure u(K) > 0.99. As in the last section, we now want to study how the U-orbits
of points in K move apart, where we allow different time parameters for the two
orbits.

For the argument to follow it will be convenient to write displacements
in a particular coordinate system that favours the diagonally embedded copy
of SLy(R). Hence we define the subgroup

A={A(g) =(9,9) | g € SLy(R)} < G =SLy(R) x SLy(R)
and note that any element of G can be written in the form
(9:h) = Alg)(I,g~'h) € AV,

where

V={v=(I,¢)| ¢ €SL,y(R)}

is an invariant complement to A and in fact a normal subgroup of G. To simplify

notation we write
a v a v
(o) (o (ee)) e

for the elements of the second copy of SL,(R). With this any element g € G can

be written in the form L
b b
g=A (Z d) v <Z/ d/) (6.27)

. ab at
Wlth c d y C/ d/ S SL2 (R)

Using these notations we now calculate for x,y € K with y = g-x that

Uy = utgufs'(us'x)

and for g as in ([6.27)) we obtain (by applying the calculation (6.22]) twice)
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WA ab a v
U JU_g = Uy cd U_UgV dd U_g

_afete b+ dt — s(a+ ct) y d+cds b+ (d—d)s—s?
- c d—cs ¢ d —c's '

We again set s = %, so that the above simplifies to
_ a+ct b d+cds V+(d—-d)s—s
o(t) = A ( e d- CS) v ( J d s . (6.28)

and this already ensures that any non-constant limit of functions like ¢ (with b
approaching 0) does not take values in U < A.

Once again we need to speed up the time parameter ¢ by setting ¢t = T'r for
some T > 0 to be defined later. In the last section we defined T" to be % in order
to ensure that the limit of the first matrix in ¢ is interesting. Here we need to be
more careful, as with that choice the second matrix defining ¢ could divergem

Clearly if ¢(t) is constant, then it will be difficult to make it more interesting
by a speeding up. Hence it will be useful to ask when this happens. This could
be done by analyzing the concrete function ¢ as above in detail, but we can also
do this abstractly.

Lemma 6.37. Let G < SLy(R) be a linear group, let U = {u(s) | s € R} be a
one-parameter unipotent subgroup. Fixz some g € G. Suppose also that s = s(t) is
defined on an open neighbourhood of 0 € R (for example, by a rational function)
such that s(0) =0 and

¢(s) = u(t)gu(—s(t))
is constant where defined. Then g € Ng(U).

PRrROOF. Let t € R be close to 0. Then

¢(t) = u(t)gu(—s(t)) = ¢(0) = g

is equivalent to
-1
g ult)g = uls(t)) € U.
As this holds for all ¢ near 0 and U is connected, the lemma follows. g

Suppose for a moment that ¢(t) as in ([62]) is indeed constant. Then we
have g € Ng(U), and by Lemma 635 we also have g € Stabg(n). Suppose
that 2y € supp |k, and that we are in this case for all y = g-x € K sufficiently
close to x. Then Stabg(u)-x has positive measure, and hence has full measure
and the theorem follows from Lemma [6.17

It remains to consider the case where there is a sequence (y,,) with

Yn = GnTo € K

T For example, if ¢ > 0 is much smaller than ¢ this will happen.
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for n > 1 with z € K and g, — I as n — oo for which the rational map ¢,,
defined as above (using g,,) is not constant. This also requires us to define s,, as
a rational function of ¢ with denominator a,, + ¢, t. Moreover, ¢,, only contains
(apart from the constants and t) the terms s,, and s2. Therefore

@,(t) = (an + eat, (a, + )6, (1))

is a tuple of polynomials with not both being constant. We define the speeding-
up parameters T,, > 0 such that

sup HQn(TnT) - Qn(O)Hoo =1,
rel0,1]

where we use the maximum norm on all entries of @,,. We note that this implies
in particular that |c,|T,, < 1 (by looking at the first component of &,,(T)—$(0)).
We may choose a subsequencem such that

b, (T,r) — ¥(r)
converges uniformly as n — oo on compact subsets of R. It follows that
W(r) = (14 ar,o(r))
for some « € [—1,1] and some polynomial vy. Moreover,

1
m‘/’o(ﬂ =1(r)

is the limit of the sequence of functions (r — ¢,,(T},r)) uniformly on compact
subsets of (—1,1). Now we can ask for the behaviour of the function

r—(r) G
for r € (—1,1), without calculating it explicitly.
Lemma 6.38. Let G < SLy(R) be a closed linear group. Let
U={ut)|teR} <@

be a one-parameter unipotent subgroup. Let (g,,) be a sequence in G with g, — I
as n — o0o. Suppose further that there exists a sequence (T,) with T, — oo
as n — oo, and a sequence of rational functions (sn: R — R) such that

"/Jn(r) = U(an)gnu(_sn(TnT))

T As usual we simplify notation by not introducing a further subscript to denote the sub-
sequence.
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converges uniformly on some open subset O C R to some function ¢: O — G.
Then 1(0) C Ng(U).

PRrROOF. Let ty € R and define ¢,, = ;—0 so that €,, — 0 as n — oco. By uniform

convergence this implies for r € O that

"/J(T) = nlgrolo Uy (T‘ + En)
= hm u(TnT + tO).gnu(_Sn(TnT + tO))
n—o00
= lim U(an)gnu(_sn (an)) ’U,(Sn (an) - Sn(TnT + tO))
n—o00
W (1)

= u(to)P(r)uy,

for some w,, € U. In particular we have Y(r) M u(te)b(r) € U. As this holds
for all u € U, the lemma follows. g

Using the same last 1% argument as in the proof of Theorem [634] it now
follows that p is invariant under all elements v (r) for all » € (—1,1). Let us
use (G.28)) to be more specific concerning the structure of ¢. By definition of @,
we have that a, + ¢,T,,r converges uniformly on compact subsets to 1 + ar
with |a| < 1 as n — oo. This already determines the A-portion of ¢ to be

()

For the v-portion we note that

vovew = {2 (1))

Moreover the sequence of rational functions in the upper right entry has common
denominator a,, + ¢, T,,r — 1 + ar and converges uniformly on [—%, %] if and

only if the coefficients in the numerator converge. To summarize, it follows that

w(r):A(l—l—ar 1 )U(lﬁ(lr))

1+ar

for the rational function S(r) = 5, Trar 752 (ﬁ)2 defined by some f3;, 55 € R.
We now consider two separate cases as follows.

CASE I: Assume first that o = 0 so that

= )-(7)

for a nonconstant polynomial S(r). This shows that p is invariant under the
horosphere
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() Cak

and the result follows from the arguments in Chapter 5. We note that if along
our sequence the displacement always has the form g = A(I)v(h) for some

()

CAasE II: Suppose now « € [—1, 1] is non-zero so that

- )19

for some positive A # 1 and ¢ € R. We claim that we may assume in the following
that c is zero. In fact, replacing u by

1ls
v 1*u

gives a new measure that is still invariant under U and is also invariant under

(D) Co) ()= (e

Since \ # A~ we can choose s so that the new measure is invariant under the
diagonally embedded element

()

We assume without loss of generality A € (0,1). We note that a acts ergod-
ically with respect to p. Indeed if f € L*(X,p) is a-invariant we may apply
Proposition 2.22 and obtain that f is also U-invariant and so constant by our
assumption on .

then we will be in this Case I.

6.7.2 A Proof for Product Spaces

We note that in Section [6.7.3 we will give a second independent and general
proof of Theorem [6.36] but we first wish to complete our discussions of joinings
in (iii) from page 270

CLASSIFYING JOININGS. We assume that X = X; x X5 and that

(ﬂ'i)*,u =Mmx,
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for ¢ = 1,2. By the beginning of the proof in Section .71, we can derive
additional transverse invariance. Either we are in Case I, in which case we have
horospherical invariance and hence the trivial joining 1 = mx, x mx, by an
argument very similar to (ii), or we may assume after modifying u slightly that u
is invariant under a diagonally embedded diagonal element a.

We again set A = By, X {9, X} and consider the conditional measures ué)m/)

which describes z on the atom [(z,2")] 4 = {x} x X, for p-almost every (z,z’).
Claim. If ué)m/) is not atomic almost everywhere, then = mx X mx, is the
trivial joining.

PRrROOF OF CrLAIM. For each m > 1 let K,,, be a set of uniformly generic points
with p(K,,) > 1 — L. Replacing K,, by K, U--- U K,, if necessary, we may
assume that

K, CK,C---
and let
X'={JKn
m>1

so that u(X') = 1. Since we assume that HEA ) is not atomic almost everywhere,

T,x

we see that ué m/)| ' is not atomic p-almost everywhere. Therefore there ex-
ists some set K,, and some (v,2’) € X such that ,ué@,)h(m is non-atomic.

As supp ué_’z/) C {z} x X,, we see that there exists a sequence of points
TnyYn = Gn*Tn € Km

with z,, # y,,, 71 (z,) = = 7 (y,,) where the displacement satisfies

dy, by
gn =V dod #1

a. b
(c}“ d?) — I

as n — 00. We now apply the argument from Section [6.7.1] to see that p is

invariant under the action of
1 *
()b
10,
= ("))

with b,, — 0 asn — oo and so we may apply the centralizer lemma (Lemma [618]),
or because we are back in Case I of the transverse divergence argument. O

with

either because
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Thus we may suppose that NEA 8 is atomic almost everywhere, in which case

T,x

we make the following claim.

Claim. There exists some m > 1 and functiond] fiooo oy font X1 — X5 such
that the measure ué_z/) may be expressed in the for

A 1 ¢
o) = — D 0agi@)
i=1

for mx -almost every x.

We note that the claim shows in particular that p is determined by mx and
the set of functions {f,..., fi.}

PRrROOF OF CLAIM. We define a function
f((‘r7xl)) = /Lé,-) ({(CL‘,.’L'/)})

which by the previous claim is positive almost surely. Notice that u; *A = A,
so that

f (us-(x,x/)) = /L::ls-(m,v) ({us'(xv'x/)})
= (ug)utl 7 ({uye(a,2')})
= 1t ({(@.2))}) = f((@,2"))

by [46, Cor. 5.24]. This shows that f is a u,-invariant functionf]. Therefore, fis
constant u-almost everywhere, so that we also have

ey (L@ a)}) = f ((@.2) = £ ((2,9) = 1ay {(2,9)})

if both (2,2") and (z,y") belong to this full-measure set and share the same first
coordinate. As Mé,-) is by construction a probability measure, it follows that
there is some m > 1 and m points

{fi@), ..., fm(2)} € Xy

such that

" In some sense it is better to think of {fi,---, fm} as a correspondence or an m-valued
function from X; to Xs.

" In the following we will write uf;“) = ué o'y 88 the conditional measure does not depend

on the second coordinate z’.
§ This function is also measurable, which the reader may check by exhibiting f as a pointwise
limit of a sequence of measurable functions using /Lé‘z/)(B) for elements B chosen from a
refining sequence of partitions of X,. We skip this proof, but refer the reader to the next
step for a similar argument.
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1 m

A

D= 4 x, f;i(x))

P(z,) m; (@,£:())

for p-almost every (z, ") (or equivalently for m x,-almost every z). O

Claim. We may choose the functions fy, fo,. .., fn: X1 — X, to be measurable
on a subset X; C X, of full measure.

PrOOF OF CLAIM. We let X| be the set on which Mé,-) is defined and has the
property in the last claim. Using a countable basis of the topology of X5, we
find a sequence of finite or countable partitions (P,,) such that

Pn < o (Pn+1)

and -
BX = \/ o (Pn)
n=1
We also order the elements of P,, = {P, 1,...} where we may assume that P, ;

has diameter smaller than % for i > 1. We will define f; as in the claim to be a

limit of a sequence of measurable functions ( fln)).
Pick some 3, ; € P, ; for i > 1 and define

(@) =y on Byy = {w € Xy | sy ({2} x P,y) > 0}
1(1)(17) =y1p0n By ={r€ X | ,ué’,)({x} X P, 9) > 0}\By y,

and so on. In defining f1(2) we again use some y,,; € Py, for i > 1, but we

require the property that f1(2) (x) and f1(2) (x) belong to the same partition ele-
ment of P;. We can ensure this by requiring that each P ; is split into finitely
many partition elements of Py, and the subsets of P, ; appear before the subsets
of P, ; in the enumeration of the elements of P, whenever i < j. With this al-
lowed assumption we can simply follow the same procedure for the construction
of fl(z). Repeating this for all n we get a sequence of piece-wise constant (and,

in particular, measurable) functions fl(n) with the property that

d(f{ (@), [P (@) <

=

if n > k. Therefore
fi@) = lim £ ()

n—00

exists for all x € X; and defines a measurable function f;: )i — X,. By
construction there exists for every n some Q,, € P,, withf;(z) € @,

1oy ({2} x Q) >0,
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and so also ué),)(Qn) > 1/m. Since @,, has diameter no larger than 1/n we

see that ﬂzo:l@ = {(z, fi(z))} which gives Mé,-) {(z, f(x)}) = 1/m for

all z € X7. If m > 1 then we remove (z, f,(x)) from ué).) by replacing the
measure with

A 1
H{z,) = m O, £y (2))

and repeat the procedure as necessary. (|

As the above arguments already show we will work more and more with
points in X; and will below use frequently dynamical arguments on X; with
respect to the factor measure my = (). to derive additional properties of
the functions f,..., f,,. To simplify the notation for these arguments we set

(e (1)

with A € (0,1) as before. Since we already know that (u,u) and (a,a) pre-
serve 4 (which is determined by my, and the functions fi,..., fm), we get the
‘equivalence properties’ for the functions fi,..., f,,. In fact

{fl (U'I) N (U'I)} = u- {fl(x)v s 7fm(x)}

almost surely, and similarly with u replaced by a. Indeed, by [46, Cor. 5.24] we
have

(w,0)- (&} x {f1(@), -, fn(@)}) = (u, u)-supp pify .y
= supp(u, u).ue
= SUPD [1{uz);

which in turn may be written as

supp ,Ui(/év‘i-x;) = {u'x} X {fl (u~x) PR fm (u'x)} )

almost everywhere with respect to my . This is the claimed equivariance prop-
erty of the set of functions for u, and the case of a is identical. We now suppose
that these equivariance formulas hold for all z € X| and that X} is invariant
under both u and a.

Our main aim is to show that for the element

(1
=\t
we have the analogous formula

U (ve) ooy fon (V) } = v {f1(), - fr (@)} (6.29)
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which will show that p (which is determined by my, and fi,...,f,) is
also (v, v, )-invariant.

Now that we have set the stage and know what we are aiming at, it is time
to get to the heart of the matter, namely the following ingenious argument due
to Ratner which we first outline in the case m =1 as follows.

The proof resembles in some ways a double Hopf argument (see [46, Sec. 9.5]).
Consider the points

(z, fi(z)) and (view, fi (vex)) = (v, g+ f1 ()

(with g = v; being our goal). Applying the equivariance property for a to f; we
obtain

fila™"vpex) =a "gfi(x) = a "ga" f1(a”"x)

B (6.30)
= fi(vyen,a” o).

Using the ergodic theorem for the action of a” ', and the fact that f1 is nearly
continuous by Lusin’s theorem, we see that for many n > 1 the point in (G30)
and the point f;(a”"-z) are close together since A"t = 0 as n — oco. Unfor-
tunately this does not imply much about g itself, because we could certainly

havdl a " ga"™ — oo as n — oo.
Using u' instead of a™" gives a better situation, as follows. If ¢ is very small,

ot — (1) (1 L0\ _ (1+t
o)\t 1) t 1-w

will still be small for ¢ smaller than 1/ \/mﬁ Using once again the ergodic
theorem for u and the fact that f; is nearly continuous by Lusin’s theorem, we
obtain that for most £ in [0,1/4/]t]) we have that

usfi(vpw) = (u'gu™")u' fi ()

is very close to ué-fl (x). However, this time uggu_é is a polynomial in £ (rather
than an exponential function) which will allow us to derive constraints on the
entries of g. Since /¢ is constrained to an interval [0,1/1/]¢|), the constraints on

the entries of
_ 1 ab
(Utug) - t 1 ) c d

will take the form of inequalities

le] < ¢, |d — a] < V/]t], |b] < 1.

" The geodesic flow has many pairs of orbits that are close for a large percentage of time
without being close for a good (meaning algebraic) reason.

T might appear disadvantageous to use u instead of a_l, since a” "v;a™ actually converges
to I as n — oo, whereas the corresponding expression for w is only small for certain times.
The utility of u for the argument will become clear soon.
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Since we are aiming to prove that g = v,, this also appears to be a hopeless
venture. In the argument below we will be double-dipping in the following sense.
By using =" we will be able to make ¢ smaller and smaller indefinitely (with-
out winning back any information about g). By using u’ for longer and longer
intervals as n grows, we will be able to obtain better and better constraints on
the entries of g.

In order for this double-dipping to work, we need to define some sets, for
which we will return to the general case of m > 1. By Lusin’s theorem there
exists a compact set K C X| with u(K) > 1 — % such that f;|x is continuous
fori=1,...,m. We define

L
1
le{xeX{ ZZ]IK(UZ-:C)>19—OforaHL>1}
=1
and
1 1

By the maximal ergodic theorem applied to the action of u we have
mX1 (3/1) > %7

hence
mX1 (Yi N K) > %7

and by the pointwise ergodic theorem applied to the action of a we have
my, (Yy) = 1.
We now derive the promised inequalities.

Lemma 6.39 (Linearization for the correspondence). Depending on K
there exists some & > 0 such that for all

y=vr,r €Y NK

with t € (=6,0) and all i there exists j such that

ab
= (44) @
for some a,b,c,d € R with |c| < [t], |a —1|,|d — 1] < \/|t| and |b] < 1.

In the proof we will use the fact that y = v;-x and « satisfy that u'-z and ug-y
are close together as long as /%t is small. Applying f1, ..., f,, we have the weaker
property that the image points are close in X, for some fixed percentage of this
time window (if m = 1 this percentage would be 80%). Here we will need the
following lemma.
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Lemma 6.40 (Linearization for two orbits). Let X = I'\ SLy(R) be a quo-
tient by a lattice. For any p € (0,1) and any compact subset K C X there exists
some k € (0, 1] with the following property. Suppose that L > 1, the points x € K
and y € X satisfy

1
7 Héé {0,...,L—1} | vz € K and d(u -z, u-y) < Ii}’ >p.
b ;
Then y = (Z d) -z with |c| <, #, la—1] <, 1,|d—1| <, 1, and |b| <, 1.

PROOF. The main idea of the proof is similar to the proof of the non-divergence
for the horocycle flow in X, in Section 4.1. We let p € (0, 1]) be chosen so that 2p
is an injectivity radius on K, and let

S={te{0,...,L} | u'-z € K and d(u’-y,u"z) < p}.

For ¢ € S we let g, € SLy(R) be the unique matrix satisfying u‘-y = g,u’-z and
d(ge,I)=d (ug-y,ué-x) < p.

We say that ¢,m € S are equivalent if the corresponding points ué-y,ué-x re-
spectively v -y, u™ -2 are close and are so ‘for the same reason’. More precisely
we define ¢, m € S to be equivalent if

m

_ —L —(m—1¢)
Im = U e

and that d(ukilgguf(kfl), I) < p for alll k between ¢ and m.
Suppose for a moment that S consists of one equivalence class. If 0 € S then
we already defined gy. Otherwise we let gy = uflggue for some ¢ € S. In any

case we let
_f(ab
9o = cdl’

(0t (atetbt(d—a)t—cl?
cd o c d—cl
has distance no more than p from I for at least the fraction p of the points
in {0,1,..., L}. For those choices of ¢, we also have

so that

b+ (d—a)l —cl?| < p

T Note that possibly not all of these integers k belong to S due to the additional require-
ment u"+z € K in the definition of S.
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for some absolute implied constant, which depends only on the Riemannian
metric. By Lemma[] 4.8 this implies that

b+ (d — a)l — cl?| <, p<1

forall £=0,..., L, potentially with a different implied constant. The estimates
in the lemma now follow by using ¢ = 0 to see that [b| <, 1, { =% and ¢ = L
to get

(d—a)% —CLT2| <, land |(d—a)L - cL?| <, 1,

which gives |(d —a)L| <, 1 and |eL?| <, 1. This also implies
ad = ad —bc+ O(L™%) =1+ O(L™?).

Using the diagonal entry of u‘gyu™" we also see that |a — 1] <, p, ld—1] <, p.
If p is sufficiently small, then (d + 1) > 1 and so

(a-1)d+1)=ad—1+a—d=0(%+ 1)

implies |a — 1| <, 7. The estimate |d — 1| <, + follows from |(d — a)L| <,, 1.

To prove that S contains only one equivalence class, we assume the opposite,
choose k sufficiently small and will again use Lemma 4.8 to derive a contradic-
tion. In fact by that lemma we may choose x < p so that

1 K P

— |91 0,....,T—1 )| < — -

F[{re 0t -1 01 < Sl f| <5
for any quadratic polynomial f where

[flloo,r = sup [f(2)].

\t\ -1

Choosing k possibly even smaller (to accommodate for the Lipschitz constant
of switching between the Riemannian metric and the matrix norm near the
identity) we also obtain

%‘{te {0,..., 7 =1} | d(u'hu", 1) gn}‘ <§

if h € BZ is such that d(u " hu, I) = p or d(u" hu™", 1) > p.
For each equivalence class [¢] with ¢ € S as a representative, we define
the protecting intervals Py to be the maximal subinterval of {0,...,L} on

which d(u"‘gu=*"9, 1) < p for all k € Pyy. By definition [(] C Py;. We
may also assume that for each equivalence class [{] and its interval P we

have d(uk_éggu_(k_é),l) > p for k equal to the left end point minus one or

f Strictly speaking we use a discrete analogue of the lemma. However, we only need the
quadratic case and the proof easily extends to the discrete case.
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equal to the right end point plus one. Indeed, for otherwise by maximality
of Py those endpoints must be 0 and L — 1 which gives that

P[g]:{o,,L—l},

and so the lemma by the first part of the proof. Hence, by our choice of &,

1 k=t —(k—£) p
—— ke Py |d I) < —.
|P[E]| |{ € €] | (u g ’ ) H}| < 3

Bady

We also note that an element ¢ € [0, L] could belong to two intervals Py
and Py, for [(1] # [€5], but only to two. In fact suppose ¢; < £y < £5 with

t € P, N Py, N Py,

and with [(4], (5], [(5] all different. Since u‘2.z € K by definition of S 3 £y,
since Pj,) is maximal interval on which d(um_élgglu_(m_él), I) < p, and since p
is smaller than the injectivity radius at K, we see that {1 ¢ Py, . Since Py, | 3 {4
and Pyy,) 3 £ are intervals, we must have £; < ¢ < {5. The same argument leads
to ¢y < £ < {3, which is a contradiciton. Hence any integer between 0 and L — 1
belongs to at most 2 protecting intervals.

We finally set

Bad = {¢ € {0,...,L — 1} | d(u‘y,u"z) < k and v'-z € K} C UBadm
4

and obtain 9
p
|Bad| <> |Badyy | < Z§|P[e]| < gpL.
el el
However, this contradicts our assumptions. Hence there can only be one equiv-
alence class and the lemma follows. |
We return to the setting of Theorem [6.36] and apply the lemma above.

Proor orF LEMMA [6.39 Since K is compact and the functions fi,..., f,, re-
stricted to K are continuous, the set

m
K' =] 1i(K)
i=1
is a compact subset of X,. We set p = wim and apply Lemma [6.40] to

X =X, = I,\SLy(R)
and the compact set K. This defines some & > 0. Since f;(z) # fi(x) for i # 5

and all z in the domain of these functions by construction, we may also suppose
that
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d(fi(x), f;(2)) > 2%

for v € K and i # j. Again since f; restricted to K is continuous we see that
there exists a § > 0 such that

z,y = g-x € K,g € SLy(R) with d(g,I) <0 = d(f;(y), fi(z)) <r

fori=1,...,m.
Suppose now that ¢ € (—4,d) and z,v,.x € K NY;. We can now find an
interval I, , of length 5 1/4/|t| such that for £ € I, , we have

L0 oy 1+0t 0t
d(u vu ,I)—d(( ‘ l—ét)’l><6’

and (by definition of Y;) for 1% of all £ € I, we have uez,ulsy € K and so

d(fi(u"y), f(u’-2)) < &

for i = 1,...,m. By the properties of {f; | ¢ = 1,...,m} and our choice of &

this also shows that for 1% of all £ € I, , we have that for all i there exists

some j = j(i,¢) € {1,...,m} with

d(ug-fi(y),ué-fj(x)) < K. (6.31)

Thus for every i there exists a j = j(i) and a fraction of the interval I,
exceeding wim in proportion such that (G3T)) holds (with j independent of s).
Applying Lemma we obtain that

ab
) = (2 4) 6@
with || < [t], |a — 1] < /¢, |[d — 1| < +/|t| and |b] < 1. O

We continue with the proof of Theorem [6.36l Let ¢t € R and

Y = Uk = <1 1> -x,zé}fz.

Then for more than % of all n > 1 we have a"-x € Y, and similarly for y.

Therefore, there are infinitely many n > 1 for which both z, = a” "z € Y}
and y, = a .y € Y;. Choose one such n and notice that

- 1
Yn = )\2nt 1 *Lps

so that these points are, for large n > 1, extremely close. We now apply
Lemma [639 to y,, and x,,. It follows that for every ¢ there exists some j such
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292 6 Unipotent Dynamics and Ratner’s Theorems

thatﬂ

mn

i) = ety = (20 00 22

with |c,| < N"|t], |a, — 1] < A"/, |d, — 1] < AN"/[t] and |b,,| < 1. Going
back to z = @™z, and y = a"-y by applying the matrix a" we see that for
every ¢ there exists some j with

2n
fi(y) = A" gna" (@) = a" ( b">a‘".fj<x>—< G A b”) f(@)

Cn AN, d,
where
N, | <t
la, — 1] < A"/t
|d, — 1] < A"/[t],
and

Here it is crucial that the entries of the matrix a"g,a”" are uniformly bounded.
Hence we may choose a subsequence such that a"g,a” " converges and j = j(n)
is constant along this subsequence. It follows that we have shown that for every i
and every pair y = vz, x € Y, there exists some j = j(z,t,i),c = ¢(z,t,i) € R
with

fi(vt'x) = vc'fj (I)

If ¢ = t almost surely and for all i we have obtained our objective (see below).
So suppose ¢ # t for some choice of 7 and on a set of positive measure. In every
set of sufficiently large measure we find points

(z,2") = (z, f;())

and

(yay/) = (’Ut-(E,fi(Ut-fL')) = (Utuvc)'(‘r7x/)

with ¢ # c¢. Applying the transverse divergence argument from the beginning
of the proof on pages we end up in Case I and conclude that p is
the trivial joining (which actually contradicts our description of the conditional
measures Hé,-))-

Since we now may assume ¢ = t for almost every z € Y; and since both
sets {f1(vex), ..., fr(veex)} and {ve-fi(z), ..., v frn(2)} contain m elements
it follows that (629) holds almost surely. Let us now show that this implies

T As was mentioned before, we do not know at this stage any relationship between these
displacement g,, for different values of n.
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that p is invariant under (v, v,) for any ¢t € R. So let f € C.(X; x X,). Then

[ttmraanau= [ [ o o) due, (o) dmy, (@

X1xX, Xy {z}x X,

= [ S H o u) (e fia)) dm, (o)
X, =1

= /%Zf(vt-x,fi(vt%)) dmy, (z)
X, =1

= [ s sy amx, @) = [ran

X1 xX,y

where we used in order the definition of the conditional measures, our description
of them, ([6.29) for my -almost every x, and the fact that v, preserves my .
Now note that U as in Theorem [6.36] together with {(v;,v;) | t € R} generate
the diagonal embedded copy H of SLy(R). As H contains U, H acts ergodically
with respect to p. Hence Theorem applies and shows that p is algebraic.

6.7.3 Proof in the General Case

We will follow the arguments of Ratner [132] in the case G = SLy(R) x SLy(R).
Let I' < G be an arbitrary lattice and suppose that p is a U-invariant and
ergodic probability measure on X = G/I" as in Theorem If i is invariant
under the horospherical subgroup

()t

then we can apply our discussions of Chapter 5.
Hence we will assume from now on that p is not invariant under the horo-
spherical subgroup and so is also not invariant under

{+(*) ‘beR}.

We apply the discussions of Section [6.7.11 Unless u is the Lebesgue measure on
a periodic U-orbit this implies that u has additional invariance. As we assume
that p is not invariant under the horosphere we must be in Case II of page
As explained there we may replace p by a push forward of x4 under an element

of the form
1 %
LA
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294 6 Unipotent Dynamics and Ratner’s Theorems

and assume that p is invariant under the connected component A(A) of the
diagonally embedded diagonal subgroup.

Analyzing Section [6.7.1] more carefully in combination with our assumption
that p is not invariant under the horosphere we obtain the following ‘geometric’
statement.

Lemma 6.41 (Ratner’s basic lemma). Let K C X be a set of uniformly
generic points. Suppose that p is a U-invariant and ergodic probability measure
that is invariant under A(A) but not invariant under the horospherical subgroup.
Then for any sufficiently small € > 0 we have that x,y = g.x € K and

ab a b
-s(2)(2)
with max(|al, |d|, [b],[b']) < 2, |¢| < e, max(|d'—d'|,|¢']) < 10¢2 imply that |d' —

d| < Leand || < k5

10052. Moreover, as € — 0 we also have that b’ — 0.

PROOF. Suppose first that the final claim fails. Then by compactness there
exist sequences (z,,) and (y,,) in K with z, - 2 € K and y,, = g,,-x, >y € K

as n — oo and
ab a' ab 1y
s (i) (i) =2 (01)(
" cd cd 0 01
as n — oo with b’ # 0. By Lemma this shows that g preserves u. Recalling
that A(A) also preserves p, this also implies that p is preserved under the
horospherical subgroup, contradicting our assumption.
The proof of the main estimates in the lemma is similar in spirit (but using
Section[6.771]). Indeed, if the lemma fails then we can find sequences €,, \, 0, (z,,)
and (y,) in K with y,, = g,,-z,, satisfying

max (|, [d,l, [ba], [0n]) <2, Jen| <&y (6.32)
and
1 ' / 1 1/2 I
To5n <max(|d, — ayl, |c,|"7) < ed (6.33)
d,t

for all n > 1. We use these sequences to define ¢,, as in ([6.28)), s,, =
and the speed-up parameter T, — oo as n — co. Writing simply s,, for

a,+c,t’

d,T,r

a, +c,T,r

sn(Tor) =
and choosing a subsequence we may assume that
! i

/ / / 2
6, (Tor) = A (an +c,T,r b, > y (an + CnSn by, + (d,, — ay)s, — cnsn>

/ /
Cn dn — Cpdn Cn dn — CpSnp
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converges to

T T 2
A<1—|—O&T 1 )’U 1 611+ar+ﬁ2(1+ar)
1+ar 1

as n — 0o, where

a= lim ¢,T,,

n—oo
Bl = nli)Ir()lo(d;z - a;L)Tnu and
By = lim c;Ti.
n—oo
By our non-invariance assumption we must have 5; = [, = 0, which im-
plies || = 1 and hence T,, > ﬁ > e, for sufficiently large n by (6.32).
Comparing this with 8; = 8, = 0 and the lower bound in ([6.33) gives a contra-
diction. O

Notes to Chapter 6

(32) (Page [23T)) Arguably this was a rediscovery of a connection between Diophantine prob-

lems of this sort and homogeneous dynamics used earlier by Artin [3] and by Cassels and
Swinnerton-Dyer [14]. We refer to a survey by Margulis [112] for a motivated history.
<33)(Pag0 [237) We refer to Linnik’s original book [106] and to later work by Einsiedler,
Lindenstrauss, Michel, and Venkatesh [44], by Ellenberg, Michel, and Venkatesh [51] and
by Wieser [169].

(34) (Page 239) This appeared in print in the work of Dani [20, Conjecture II].

(35) (Page243) This is an instance of a more general result due to Weyl [168] giving equidis-

tribution modulo one for the values on the natural numbers of any polynomial with an
irrational coefficient. Furstenberg [58] showed that this followed from a general result ex-
tending unique ergodicity from irrational circle rotations to certain maps on tori. We refer
to [46, Sec. 4.4.3] for a detailed discussion.
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